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Abstract. This is the third of a series of papers relating intersections of spe- 
cial cycles on the integral model of a Shimura surface to Fourier coefficients 
of Hilbert modular forms. More precisely, we embed the Shimura curve over 
Q associated to a rational quaternion algebra into the Shimura surface asso- 
ciated to the base change of the quaternion algebra to a real quadratic field. 
After extending the associated moduli problems over Z we obtain an arithmetic 
threefold with a embedded arithmetic surface, which we view as a cycle of codi- 
mension one. We then construct a family, indexed by totally positive algebraic 
integers in the real quadratic field, of codimension two cycles (complex mul- 
tiplication points) on the arithmetic threefold. The intersection multiplicities 
of the codimension two cycles with the fixed codimension one cycle are shown 
to agree with the Fourier coefficients of a (very particular) Hilbert modular 
form of weight 3/2. The results are higher dimensional variants of results of 
Kudla-Rapoport-Yang, which relate intersection multiplicities of special cycles 
on the integral model of a Shimura curve to Fourier coefficients of a modular 
form in two variables. 



1. Introduction 

Let F C M be a real quadratic field of discriminant dp, and fix a Z-basis {wi , ZU2} 
of Op. Let Bq be a quaternion division algebra over Q satisfying 

(a) Bq (8)q R = Af2(M) (fix one such isomorphism once and for all), 

(b) every prime divisor of disc(i3o) splits in F, 

and set B — Bq ®q F. Choose a maximal order Obq of Bq that is stable under 
the main involution h ^ U , and set Ob = Obq ®z Op- The hypothesis that all 
primes ramified in Bq split in F implies that is a maximal order of B. We 
consider two functors from the category of Z-schemes to the category of groupoids 
(recall that a groupoid is a category in which all arrows are isomorphisms). The 
first, A^o, associates to a Z-scheme S the category of abelian schemes over S of 
relative dimension two equipped with an action of Obq- The second, M., asso- 
ciates to a Z-scheme S the category of abelian schemes over S of relative dimension 
four equipped with an action of Ob (more precise definitions of these moduli prob- 
lems are in fj2l for the purposes of this introduction we omit some of the moduli 
data, e.g. polarizations). The moduli problems M.q and M. are representable by 
projective, regular Deligne-Mumford stacks of relative dimensions one and two, re- 
spectively, over Spec(Z), whose complex fibers are well-known from the theory of 
Shimura varieties. To describe these complex fibers define algebraic groups Gq <Z G 
over Q by 

Go (A) = (Bo®Q AY 
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and 

G{A) {x e (B (^q A)"" : Nm{x) £ } 
for any Q-algebra A. Here Nm is the reduced norm on . Define discrete sub- 
groups To Og^^ C Gn(M) and 

r = {a; e : Nm(j;) G Z""} C G(E). 

Let Xo = pi(C) \ pi(M), and set 

X=(Xo+xXo+)U(Xo- xX„-) 

where Xq and are the connected components of X^. If we identify Go(R) 
with GL2(M), and identify G(M) with a subgroup of GL2(K) x GL2(K), there are 
isomorphisms of complex orbifolds 

Xo(C) - [ro\Xo] M{<C)^[T\X]. 

For an abehan scheme A^ over an arbitrary base scheme S there is an abelian 
scheme A^^Op whose functor of points satisfies (Aq ®Of){T) ^ Ao{T) ^zOp for 
any S'-scheme T [121 §3-1] • There is a canonical closed immersion A^o -M, which 
is given on moduli by i— >■ AqiSiOf, and which on complex fibers is induced by the 
diagonal embedding Xq X. This closed immersion induces a linear functional 
(defined in 

(1.1) d^g^, :Ch'(X)^R 

on the codimension two Gillet-Soule arithmetic Chow group of Ai (with rational 
coefficients) called the arithmetic degree along Mq. In an earlier work 12 the 
author constructed an arithmetic cycle class 

(1.2) y{a,v)eCR{M) 

depending on a totally positive a G Op and a totally positive v S F ^qM. ^ R x M. 
The construction of this class is based upon another moduli problem, y{a), which 
associates to a Z-scheme S the category of abelian schemes over S equipped with an 
action of Ob and a commuting action of Of [%/—«]■ Roughly speaking, y{a) is the 
moduli space of points on A4 with complex multiplication by the order OplyZ—o]. 
The evident forgetful map y{a) A4 is finite and unramified, allowing one to view 
y{a) as a cycle on Ai. The cycle 

yia) xz Z[l/disc(Bo)] ^Mxz Z[l/disc(Eo)] 

has codimension two, and may (depending on a) have nonreduced vertical compo- 
nents at primes that are nonsplit in F. At primes dividing disc(_Bo), the cycle y{a) 
may have vertical components of codimension one in Ai. One of the main results 
of |12| is the construction of certain natural replacements for these components of 
excess dimension, and we will briefly recall the essentials of this construction in fJT] 
The codimension two cycle on M underlying the cycle class (ll.2p is then y{a) with 
the modified vertical components at primes dividing disc(_Bo)- The totally positive 
parameter v G F (8)q M is used in the construction of a Green current for this cycle. 
As the value 

(1-3) dii^„5^(a,z;) 

is essentially the intersection multiplicity of 3^(a) with Aio one would expect, follow- 
ing the general philosophy of Kudla [HI [161 IE] and the results of Kudla-Rapoport- 
Yang [20] , that the arithmetic degree (|1.3p should be related to Fourier coefficients 
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of the derivative of an Eisenstein series. The main resuh of 12 confirms that this 
is so, at least under the hypothesis that the field extension F{\/~a)/Q is not bi- 
quadratic. This hypothesis ensures that the cycles y{a) and Mq are disjoint in 
the generic fiber of A^, so that the arithmetic degree along A^o is essentially the 
usual naive intersection multiplicity. In the present work we turn to the more dif- 
ficult case in which F{\/—a)/Q is biquadratic; thus we must compute intersection 
multiplicities of cycles that intersect improperly, in which case the definition of the 
arithmetic degree along A^o requires the use of Chow's moving lemma [23 on the 
generic fiber of A4 . This complicates the picture considerably. 

Before stating the main result, we describe the automorphic form to which (|1.3p 
is to be related. To the quadratic space of trace zero elements of Bq, Kudla- 
Rapoport-Yang PH, (5.1.44)] attach an Eisenstein series £2{t, s, Bq) of weight 3/2 
on the Siegel half-space of genus two i)2- This Eisenstein series satisfies a functional 
equation forcing £2iT,0, Bq) — 0, and we denote by 

?2(T)=£^(T,0,i?o) 

its derivative at s = 0. Let t)i be the usual complex upper half-plane. The choice 
of Z-basis {nji, 11^2} of Op determines an embedding zj? : f)i x ()i — >• [)2 by the rule 

iF{Tl,T2)=R(^^ 

where the matrix R is defined in (18.51) . Pulling back 02 (t) by this embedding results 
in a Hilbert modular form ip4'2(Ti, T2) of weight 3/2 for the real quadratic field F, 
having a Fourier expansion of the form 

(1.4) i>02(Ti,r2)= 

in which q°' — e^'^*"'^! e^'^*" '^'^ , a is the nontrivial Galois automorphism of i^/Q, 
and V = {vi,V2) is the imaginary part of (ti,T2), 
Our main theorem is the following. 

Theorem A. Suppose that a G Op and v € F (8)q M are both totally positive. If 2 
splits in F and ifaOp is relatively prime to the different of F/Q then 

degxo5^(a,w) = c{a,v). 

Remark 1.1. If F{y'—a) /Q is not biquadratic then one does not need to assume 
that 2 splits in F or that aO p is relatively prime to the different (see the main result 
of [12] or Theorem 18.21 below) and presumably the result is true if these hypotheses 
are omitted altogether. Both hypotheses are inherited from 11 . If p is nonsplit in 
F then the stack y{a) may have nonreduced vertical components in characteristic 
p, and if p 2 the calculation of the multiplicities of these components in |11[ 
Theorem C] breaks down in a serious way. To remove the assumption that aOp is 
prime to the different of F/Q, one would have to extend the statement and proof of 
[TTl Proposition 5.1.1] to include the case of Cq > 0. Again, this probably requires 
some new ideas. 

As for the proof of Theorem lA} we begin by noting that c{a, v) has already been 
computed by Kudla-Rapoport-Yang [20]. Let 

Sym2(Z)^ = |(^^2 ^f) :a,6,cez|. 
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For each T g Sym2(^)^ and positive definite symmetric v g M2(M), Kudla- 
Rapoport-Yang construct an arithmetic cycle class 

Z(T,v) eCHR(Xo) 

(the arithmetic Chow group with real coefficients), and relate the Fourier coefficients 
of the genus two Siegel modular form 4'2{t) to the image of this class under the 
isomorphism 

deg : CHr(7Wo) ^ K 
of [Sol §2-4]. More precisely, they prove that the Fourier expansion of 4>2{t) is 

TeSym2(Z)v 

where v is the imaginary part of t G i}2, and = e2'^' '^''('^'^'. From this it is an 
easy exercise (see [12j Lemma 5.2.1]) to determine the Fourier coefficients of the 
pullback 02 (ti, T2): for any a £ Of and any totally positive v G F (g)Q M 

TGS(a) 

in which v and u = (wi, W2) G K x R are related by (|8.5p and 

S(a) = I ( G Sym2(Z)^ : a ~ avD\ + 6n7in72 + cvjt 



vV2 

This leaves us with the problem of computing (|1.3p for totally positive a and com- 
paring with the values of degZ(T, v) (which are known by [20^, Chapter 6]) in order 
to prove 

(1.5) d^^„5'(a,«)= d^2(r,v), 

Tes(Q) 

from which Theorem |^ follows immediately. It is the calculation of the left hand 
side of (jl.5p which occupies the entirety of this paper, culminating in Theorem l8.2l 
In the calculation of (jl.Sp one encounters several obstacles. As noted earlier, 
the cycle 3^(a) on M may have components in codimension one, and so must be 
modified in order to obtain the cycle class (|1.2|) . This is carried out in [12], and the 
construction of the modified components will be quickly recalled in ^|71 In order to 
compute (|1.3I) one must decompose the cycle 3^(a) component- by-component, and 
treat irreducible components in different ways depending on whether they meet M.^ 
properly or improperly. If I? is a component of 3^(a) that meets M.^ improperly, 
then T) is contained in TMo- We attach an arithmetic cycle class 

V{v) e CH^(7W) 

to T) and prove an arithmetic adjunction formula (Theorem 15.61) , which computes 
the arithmetic degree oi'D{v) along A4o in terms of data intrinsic to the divisor V on 
Aio (as opposed to data involving the relative positions of V and A^o in the larger 
threefold A4). While the method of derivation of the arithmetic adjunction formula 
should apply to the general problem of computing the arithmetic intersection of 
a codimension one cycle and a codimension two cycle meeting improperly in an 
arithmetic threefold, the final formula is rather specific to the case at hand, as it 
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makes use of the moduli interpretation of i : A4o ^ M. More precisely, an essential 
ingredient in the proof of Theorem 15.61 is the isomorphism of line bundles 

i*UJ = ClIq 

on Mq, in which loq and uj are the canonical bundles on A^o a-nd Ai, respectively. 
This isomorphism is proved in 21 by using the Kodaira-Spencer isomorphism to 
give moduli-theoretic interpretations of the canonical bundles. 

This leaves the problem of computing the intersection of the remaining com- 
ponents of y{a) (those that are not contained in Mo) against Mq. For these 
components the arithmetic degree along A^o can be computed as a sum of local 
intersections at each prime, plus an archimedean contribution. Primes not dividing 
disc(_Bo) are treated in ^j6] using formal deformation theory, while primes dividing 
disc(-Bo) are treated in Sj7] using the Cerednik-Drinfeld uniformization of the formal 
completion of Ai /z along its special fiber. Primes that are nonsplit in F cause the 
most difficulty, largely because of the presence of nonreduced vertical components 
in y{a) /x^ , whose multiplicities must be determined. As this calculation is very 
long and technical, it has been relegated to a separate article [11], which contains 
the bulk of the deformation theory calculations at primes nonsplit in F. It is Propo- 
sitioning] and its corollary Proposition 16. 71 that make use of the calculations of [llj . 
Finally, the calculations of fJS] fJU and ^J7]are combined in f}8]to yield the final result 
Theorem 18.21 from which Theorem \K\ follows. 

As explained in the introduction to [12], Theorem \X\ is one of the major steps 
toward the larger goal of proving a Gross- Zagier type theorem for Shimura surfaces, 
extending ^20', Corollary 1.0.7] from Shimura curves to Shimura surfaces. The next 
step is to find a good definition of the class (|1.2|) for all a € Of (not just for a totally 
positive). For a ^ but not totally positive the definition is straightforward: the 
cycle y{a) is empty, but the construction of the Green current S(q;,w) of ^ and 
the proof of (II. Sp should pose no new difficulties. For a = the definition of (|1.2p 
is more subtle, and would follow [20,, §3.5] or 20, §6.5]. Roughly speaking, when 
a = the class (|1.2|) should be defined by viewing the metrized Hodge bundle of 

2] as an element of CH (A^), and taking its self-intersection. Once (|1.2p has been 
defined for all a, the next step is to form the generating series 

(1.6) ^(ti,t2)= y{o',v)-q" eCR{M)M]. 

The extension of Theorem \K\ to all a G Of would then prove the equality of power 
series 

The next step is the most challenging. One would like to know, by analogy with [20] 
Theorem A], that the generating series ()1.6p is a vector- valued, nonholomorphic, 
Hilbert modular form of weight 3/2. If this is the case, then given a weight 3/2 
Hilbert modular cuspform /, the Petersson inner product of / with ()1.6p defines a 
class 

e(/)eCH'(X). 

If we denote by L(/, s, -Bo) the Petersson inner product of / with i*p£2{Ti, T2, s, Bq), 
the derivative L'{f, 0, Bq) is equal to the Petersson inner product of / with (j)2, and 
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()1.7p implies the Gross- Zagier style formula 

The most serious obstacle between Theorem |^ and this goal is the modularity of 
the generating series (|1.6p . 

1.1. Acknowledgements. This research was supported in part by NSF grant 
DMS-0556174, and by a Sloan Foundation Research Fellowship. The author thanks 
Steve Kudla and Michael Rapoport for helpful conversations. 

1.2. Notation. Denote by the different of F/Q. Fix an embedding F ^ 
M, and let a be the nontrivial Galois automorphism of F/Q. Extend the ring 
homomorphism F M x M defined by a 1 i-> [a, a"') to an isomorphism of 
M-algebras F (8)q R = R x R, denoted v i->- {vi,V2)- 

Fix a positive involution 6 i— >■ 6* of Bq that leaves Obq stable and has the form 
b* ~ s^^b'^s for some s E Obq with = — disc(Bo)- Extend 5 i— > 6* to an involution 
of B that is trivial on F. If L is an algebraically closed field, X is any algebraic 
stack, and P G X{L), denote by Autx{P) the automorphism group of P in the 
category X{L). 

2. QUATERNIONIC ShIMURA VARIETIES 

In this section we recall some of the basic definitions and notation of [12], con- 
cerning abelian schemes with quaternionic multiplication, their moduli spaces, and 
the arithmetic Chow groups of those spaces. 

By a QM abelian surface (QM is short for quaternionic multiplication) over a 
scheme S we mean a pair Aq — {Aq, iq) consisting of an abelian scheme ~^ 5" of 
relative dimension two and an action io '■ Obq — > End(Ao) satisfying the Kottwitz 
condition of [12( §3.1]. A principal polarization of Aq is a principal polarization 
Ao : ^0 — >■ ^0 of the underlying abelian scheme that satisfies Aooio(5*) — io{by oXq 
for all b e Obo ■ By a QM abelian fourfold over a scheme S we mean a pair 
A — {A, i) consisting of an abelian scheme A ^ S of relative dimension four 
and an action i : Ob — > End(^) satisfying the Kottwitz condition. A 3^^- 
polarization of A is a polarization \ : A ^ A^ of the underlying abelian fourfold 
that satisfies \oi{b*) = i{bY ° A for all b E Ob and whose kernel is Such a 

A determines an isomorphism A^o^ T)p^ — )• A'^ . By an endomorphism of Aq or A 
we mean an endomorphism of the underlying abelian scheme that commutes with 
the quaternionic action. 

Let A^o be the Deligne-Mumford (DM) stack of principally polarized QM abelian 
surfaces over schemes, let A4 be the DM stack of -polarized QM abelian four- 
folds over schemes, and let i : Aio —> A4 he the closed immersion defined by the 
functor 

(Ao, Ao) ^ (Ao, Ao) (g) Of - (Aq ® Op, \o ^ Op) 

as in fTT, §3.1]. The DM stacks A^o and Ai are regular of dimensions two and 
three, respectively, and are flat and projective over Spec(Z). If we abbreviate 
D — disc(i3o) then is smooth over Z[l/Z3], and A4 is smooth over 'Z[l/{DdF)]- 
For references to proofs of these properties, see jT2l §3.1]. Briefly, for representabil- 
ity of by a quasi-projective stack use [lOl Chapters 6 and 7]; for properties of 
M over Z[(£)c?i?)~^] use [21 Expose III], for properties at primes dividing dp repeat 
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the arguments of [5], and for primes dividing D use the Cerednick-Drinfcld uni- 
formization described in [12l §4]; projectivity foUows from quasi-projcctivity and 
the valuative criterion of properness using Expose III. 6]. It foUows from [51] 
§6.3.2] that I is a regular immersion and hence that Ai^ is an effective Cartier 
divisor on M.. 

If (Ao,Ao) is a principally polarized QM abelian surface over a connected base 
scheme S, then Aq determines a Rosati involution t i— on the Q-algebra End°(Ao) 
of i?o-linear quasi-endomorphisms of Aq. The Rosati trace on End (Aq) is defined 
by Tr(T) = t + t^, and an endomorphism of Aq of Rosati trace zero is called a 
special endomorphism. By [121 Lemma 3.1.2] the Q-algebra End"(Ao) is either Q, 
a quadratic imaginary field, or a definite quaternion algebra. As the Rosati invo- 
lution is positive, it must be (in the three cases respectively) the identity, complex 
conjugation, or the main involution (in the case of a definite quaternion algebra, 
this follows from Albert's classification of division algebras over Q with a positive 
involution [22l Chapter 21]). In particular the Rosati trace agrees with the reduced 
trace of [22[ Chapter 19], and our definition of special endomorphism agrees with 
the definition used in [20]. The Z-module of special endomorphisms of (Aq, Aq) is 
equipped with the symmetric Z- valued bilinear form [Ti,r2] = — Tr(rir2) and its 
associated quadratic form Qo(t) = — r^. 

Similarly, if (A, A) is a principally polarized QM abelian fourfold over S then 
the F- algebra End°(A) of i?-linear quasi-endomorphisms of A comes equipped with 
the F-linear Rosati involution r i— >■ determined by A, and the endomorphisms of 
A of Rosati trace zero are again called special endomorphisms. The O ^-module of 
special endomorphisms of (A, A) has a symmetric bilinear form [n, T2] = — Tr(rir2) 
and an associated quadratic form Q{t) = — r^, each of which is Op-valued. 

For each nonzero t e Z define, following [20l §3.4], Z{t) to be the DM stack of 
triples (Aq, Aq, Sq) in which (Aq, Aq) is a principally polarized QM abelian surface 
over a scheme and Sq S End(Ao) is a special endomorphism that satisfies Qq{sq) — 
t. We view Z{t) also as a codimension one cycle on AIq. This means that every 
irreducible component of Z{t) is viewed as an irreducible cycle of A^o via the 
forgetful morphism, and is weighted according to the length of the strictly Henselian 
local ring at its generic point. By [20l Proposition 3.4.5] the cycle Z{t) has no 
vertical components except possibly at primes dividing disc(i?o)- As a cycle we 
decompose Z{t) = ^^"(i) -I- Z™''(t) into its horizontal and vertical parts, and then 
further decompose 



As in [2ni §3.6], for each nonzero T e Sym2(Z)^ let Z{T) be the DM stack of 
quadruples (Aq, Aq, si, S2), in which (Aq, Aq) is as above and si, S2 G End(Ao) are 
special endomorphisms that satisfy 



If det(T) 7^ then, by [20l Theorem 3.6.1], Z{T) is either empty or all of its points 
have residue field of the same characteristic p ^ 0. If this characteristic p does not 
divide disc(i?o) then Z{T) is of dimension zero, while if p does divide disc(i?o) then 
Z[T) may have vertical components of dimension one. If T 7^ but det(T) = 0, 



p|disc(Bo) 



(2.1) 
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then there is at eZ for which Z(T) = Z{t). See |20l Lemma 6.4.1] or below. 
In any case one has dim Z{T) < 1. 

For each nonzero a e Of let y{ct) be the DM stack of triples (A, X,ta), in which 
(A, A) is a Sj^^-polarized QM abelian fourfold over a scheme and ta is a special 
endomorphism of A satisfying Q{ta) — a. Let <j> ■ 3^(q^) —^Aihc the functor that 
forgets the data ta, and define yo{a) — y{ct) ^-m -Mq, so that there is a cartesian 
diagram 

i i 
y[a)—^M, 

in which both vertical arrows are closed immersions and both horizontal arrows 
are proper and quasi- finite, hence finite. As in |il2i §3.1], there is a canonical 
decomposition 

(2.2) :Vo(a)= U Z{T) 

Tes(Q) 

defined as follows. An object of the category y^la) consists of an object (A, A, to) 
of 3^(a), an object (Aq, Aq) of M.o, and an isomorphism (A, A) = (Aq, Aq) ® Op- 
This isomorphisms determines an isomorphism 

End(A) ^ End(Ao) (gjOF 

which allows us to write t^ = siWi + S2W2 for some special endomorphisms Si, S2 € 
End(Ao). The condition Q{ta) = a is equivalent to the condition that the matrix 
(|2.ip lies in and the isomorphism (12.21) takes the above data to the quadruple 

(Aq, Ao, Si, 52)- 

Remark 2.1. If P G M.{L) with L an algebraically closed field, define 

ep = lAut^(i)(P)l. 

If P e Mq{L) then we will routinely confuse P with its image in A^(L). As [T^ 
Lemma 3.1.1] implies that the automorphism group of P in Mo{L) is isomorphic 
to the automorphism group of P in A^(L), we also have 

ep = lAut^„(i)(P)l. 

Similarly, if P € Z(T){L) (respectively P G Z{t){L)) then ep denotes the size of the 
automorphism group of P in Mo{L), where P is regarded as an object of this latter 
category via the obvious forgetful map Z(T) — > A^o (respectively Z{t) Mo)- 

The remainder of this section is devoted to the careful construction of the linear 

functional (jl.ll) . If X is either TWq or A^, we let Z'^{X) be the Q- vector space of 

pairs (P, S), in which I? is a codimension k cycle on X with rational coefficients, 

and S is an equivalence class of Green currents for T). The codimension k arithmetic 


Chow group CH {X) of X, as defined by Gillet-Soule [TJ[71[53], is the quotient of 
Z^{X) by the subspace spanned by pairs of the form 

di^(/) = (div(/),hlogl/l2]) 
for / a rational function on an integral substack of X of codimension fc — 1. Any 
class V g CH (At) may be represented by a pair (V,E-d) in which V has support 



INTERSECTION THEORY ON SHIMURA SURFACES II 



9 



disjoint from Aio in the generic fiber (by first expressing the generic fiber M /q 
as a the quotient of a Q-scheme M by the action of a finite group H, applying 
the Moving Lemma over Q proved in |23j . and then averaging over H). Thus to 
define deg^^^I? we may assume that V is irreducible and is disjoint from Mq in the 
generic fiber of A4. The arithmetic degree along TWq is then defined as a sum of 
local contributions, which we now describe. 

Fix a prime p and an isomorphism of stacks M = [H\M] with M a Zp-scheme 
and H a finite group of automorphisms of M (for example by imposing prime-to-p 
level structure on the moduli problem defining the stack M). Set 

(2.3) Mq=MqXmM. 

If D is an irreducible cycle of codimension two on M that is not contained in Mq, 
define the Serre intersection multiplicity at p 

(2.4) Ip{D,Mo)= J2 E(-l)'-l^^gtl^OM„,.Torf^"-(OD,,,OMo,.) 

where we view both Od and Omq as coherent OM-niodules. In fact only the £ ^ 
term contributes to the right hand side: as D is integral of dimension one, the 
local ring oi Od at any point of 13 is a Cohen-Macaulay local ring, and hence 
the stalk Od,x at any x e M(Fp's) is a Cohen-Macaulay OA/,a;-niodule [13 p. 63]. 
The regularity of Mq implies that the stalk Omq.x is also Cohen-Macaulay as an 
C'M,£c-module, and hence 

(2.5) Torf"-^(Oc,.,OMo,.) = 

for £ > by [m p. Iff]. 

The definition (|2.4p can be extended to cycles supported in characteristic p, 
including those that meet Mq improperly. If is a coherent Omo/p^ -module, 
define the Euler characteristic 

x(-^o) - 5](-I)'=dimF^i7'=(Mo/F^, J-o). 

fe>0 

If the sheaf J-q is supported in dimension zero then 

(2.6) Xi^o)^ J2 lengtho^^^^ J-Q,,. 

For any irreducible vertical cycle D of codimension two on M, the coherent Om- 
module Tor^"'== (O^. ,x,Omo.x) is annihilated by p and by the ideal sheaf of the 
closed subscheme Mq — ^ M, and hence may be viewed as a coherent Omq/f -module. 
Thus we may define 

(2.7) Ip{D, Mo) = ^(-1)' • x(Torf-(Oz5, Omo)). 

If D is both vertical and not contained in Mq then one sees using (|2.6p that the two 
definitions (|2.4p and (|2.7p of Ip{D, Mq) agree. By extending Ip{D,Mo) linearly in 
the first variable, we then define Ip{D, Mq) for any codimension two cycle D on M 
whose support is disjoint from Mq in the generic fiber. If / is a rational function 
on any irreducible component of M/f^ and D is the associated Weil divisor on 
M/Fp, viewed as a vertical cycle on M of codimension two, then one can show that 
Ip{D, Mq) =0. By [6l Lemma 4.2], any codimension two cycle I? on with support 
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disjoint from Mo in the generic fiber determines an iJ-invariant codimension two 
cycle D on M that is disjoint from Mq in the generic fiber. Thus we may define 

Ip{V,Mo)^j^^Ip{D,Mo). 

Now consider the situation at the infinite place. Choose an isomorphism of stacks 
M/Q = [H\M] with M a Q-scheme and H a finite group of automorphisms of M. 
Again define Mq by (|2.3p . Suppose that D is any codimension two cycle on M that 
is disjoint from Mq, and that Ed is a Green current for D in the sense of [Tj §1.2]. 
We give two definitions of /oo(Sd, Mq). The first definition uses the methods of [TJ 
§1.3]. We say that two currents S and S' on M (or on Mq) are equivalent if there 
are smooth currents u and v such that 

E' = E + du + dv. 

One may replace Ejy by an equivalent current S'^ that is a Green form of logarithmic 
type for D. In particular, as the support of D is assumed to be disjoint from Mq, S'^ 
is represented by a smooth (1, l)-form in a complex neighborhood of Mq, and the 
pullback i*E'j~, is a differential form of top degree on the smooth manifold Mo(C). 
Define 

^ "'Afo(C) 

The second definition uses the methods of 7, §2.1.5]. Briefly, one can construct 
a family {a;'^}e>o of smooth (1, l)-forms on M(C) that converge, as e — >■ 0, to the 



Ioo{Ed,Mq) = lim i / uj' AEd 
^ Jm(C) 



where the integral on the right is understood to mean evaluation of the current 
w"^ A Ejj at the constant function 1. One checks that this definition agrees with the 
first definition using [71 §2.2.12]. Now suppose I? is a codimension two cycle on Ai 
and let D be the associated _ff-invariant cycle on M as in the previous paragraph. 
A Green current Ex> for 2? is defined to be an iJ-invariant Green current Ejj for D. 
If 2? has support disjoint from A4q in the generic fiber and is a Green current 
for V, we define 

Ioo{^V,Mq) = -^I^{Ed,Mq). 

The arithmetic degree along Mq of V 

d^gj^V = I^{E,MQ)+ Ip{'D,MQ)\og{p) 

p prime 

does not depend on the choice of representative (I?,Sx)), and defines the desired 
linear functional 

(2.8) dii^„ :Ch'(X)^R. 

One proves that the arithmetic degree along Mq does not depend of the choice of 
{V, E-d) representing V by showing that the definition given above agrees with the 
definition found in §2.3]. 
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3. Complex uniformization 

Fix a totally positive a ^ Of and abbreviate y — y{a). In this section we 
review the well-known complex uniformizations of A^o(C) and A^(C), and construct 
a Green current for the 0-cycle 3^(C) on 7W(C). 

Choose an isomorphism of stacks M = [H\M] with M a Q-scheme and H a 
finite group of automorphisms of M, and abbreviate 

Y = yxM M. 

Recalling the forgetful map : F — > M, we attach to Y the 0-cycle on M 
(3.1) Cq^Y. lengtho^^ {OY,y) ■ Hv) 

which, using [BJ Lemma 4.2], descends to a codimension two cycle Cq on A4 /q inde- 
pendent of the choice of presentation M — >■ A^/q. There is a unique decomposition 

Cq — Cq + C" 

of cycles on M /q such that C" is supported on A^p/Q and Cq has support disjoint 
from A^Q/Q. We will construct Green currents for the cycles Cq and C". 

Remark 3.1. In p.ip we in fact have length£,^^(C'y.j,) = 1 for each y gY. Indeed, 
3^/Q is etale over Spec(Q) by [TH Lemma 3.1.3], and in particular F is a disjoint 
union of spectra of number fields. 

Let Xq and X be as in the introduction. The obvious inclusion X — >■ Xq x Xq 
is denoted x i— )■ (zi, X2) and ni : X ^ Xq denotes the function T:i{x) = Xi. Let 

/io = y^^ ■ dx A dy 

be the usual hyperbolic volume form on Xq. For any positive m £ R, Kudla [20l 
§7.3] has constructed a symmetric Green function g'^{zi,Z2) for the diagonal on 
Xf) X Xq, and a smooth symmetric function (//^{zi, Z2) on Xq x Xq. These functions 
have the property that for any fixed xq G Xq, the smooth function in the variable 

Zq€ Xq-\ {xq} 

^q{xq,u){zq) = g^^{xQ,ZQ) 
and the smooth (1, l)-form on Xq 

^q{Xq,u){Zq) = (j)l{XQ,ZQ)^iQ{ZQ) 

satisfy the Green equation 

dd" g,Q{xQ, u) + = u) 

of (1, l)-currents on Xq. For a point x G X^ and a pair v — (wi, V2) of positive real 
numbers the functions 

gi{x,v) ^ TTlgQ{xi,vi) g2{x,v) ^ 7r2go(a;2,W2) 

are Green functions for the divisors {xi} x Xq and X^ x {2:2} on X^. Extend 
these functions by to X^. If we define (1, l)-forms 

= TTl<i>Q{xi,Vi) ^2{X,V) = n;<i>Q{x2,V2) 
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on and extend by to , then the star product defined by ^ §2.1] 

g{x,v) ^ gi{x,v) * g2{x,v) 

= gi{x,v) /\S^±.^^^^y +g2(a;,u) A 

= S2ix,v) /\6^^^y^j^± + gi{x,v) A<i>2{x,v) 

is a (1, l)-current on X satisfying the Green equation 

dd^gix^v) +S^ = (S>i{x,v) A <S>2{x,v). 

Our fixed isomorphism Bq (g)Q R = Al2{M.) determines an isomorphism Go(M) = 
GL2(K), and hence determines an action of Go(M) on Xq. The induced isomorphism 
B (g)Q E = M2{M.) X M2(M) then determines an isomorphism 

G(K) ^ {(51,52) e GL2(K) X GL2(K) : det(.gi) = dct(.g2)}, 

and hence an action of G(K) on X. The inclusion G(M) ^ Go(M) x Go(IR) is 
denoted 7 1— (71,72)- By Shimura's theory there are orbifold presentations 

(3.2) Xo(C) - [To\Xo] M{C) - [T\X], 

and the morphism A4q{C) A4{C) of induced by the diagonal inclusion 

Xo^X. 

Following [I2I §3.2] the fibers of the universal QM abelian surface on [ro\Xo] 
can be described as follows. For each zq e Xq define an isomorphism of real vector 
spaces 

Po,z„ : Bo ®Q M ^ po,^o (^) = ^ • 

and set Ao,^^ = po,zo(^-Bo)- Then Ao,2„ ~ C'^/Aq,zo is a QM abelian surface, and 
the perfect alternating pairing tpo : Obq x Cso ~^ ^ defined in [121 §3-1] determines 
a pairing ipo,zo on Ag^z with the property that one of ±V'o,zo (depending on the 
connected component of Xq containing zq) is a Riemann form. Thus Aq comes 
equipped with a principal polarization Ao,zo, and (Aq^zq , Aq^zq) is a QM abelian 
surface that depends only on the Fo-orbit of zq. Similarly, for each z G X we write 
(zi, 22) for the corresponding point of Xq x Xq and define an isomorphism 

: B ®Q R = (Bo «)Q K) x (Bq ®q E) x 

by Pz = Po,zi X Po,z2- Set = Pz{Ob)- Extend ■00 ©F-linearly to an Op-valued 
pairing on Ob = Csq '^z Cf, and define if} = Tr^/jj o V'o- As above, i/j determines 
a pairing t/i^ on A^, and one of ±-02 is a Riemann form for A^. The resulting 
polarization Az of A^ = (C^ x £?')/Az determines a S)^^ -polarized QM abelian 
fourfold {Az,Xz) that depends only on the F-orbit of z. 

Let Vb and V denote the trace zero elements of Bq and B, respectively, with 
Go(Q) and G((Q) acting on Vb and V by conjugation. We identify 

y (g)Q E = (Vb (g)Q R) X (Vb ®Q M) 

and write t i— >■ (ri,T2) for the isomorphism. The i^- vector space V is endowed 
with the G(Q)-invariant F- valued quadratic form Q{t) = — t^, and Vb is endowed 
with the Go (Q)-invariant Q- valued quadratic form Qq defined by the same formula. 
Each To e Vb ®q E with Qq{t) positive, viewed as an element of Go(R), acts on Xq 
with two fixed points 

4(^o) e^o*. 



1 
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and the (0, 0)-current on Xq defined by 

Co(to) = So{xo{to),Qo{to)) +go{xQ{To),Qo{To)) 

is a Green current for the 0-cycle Xq{to) + Xq{to). Given t £ V (g)Q M with Q{t) 
totally positive, the fixed points of r acting on X are 

x+(t) = {x^{ti),x'^{t2)) x-{t) = (xg (Ti),a;o (ra)), 

and the (1, l)-current on X defined by 

ar)=g{x+ir),Qir))+g{x-{r),Q{T)) 

is a Green current for the 0-cycle x^{t) + x^{t). Set L — V O Ob- For a totally 
positive V ^ F (E)q M the current 

(3.3) E{a,v)= J2 e(t''/V)= {s{x+{T),av)+g{x-{T),av)) 

Q(T)=a Q{T)=a 

is F-invariant and so descends to a (1, l)-current on the orbifold 7W(C) which we 
denote in the same way. Decompose L = /^^mg y ^nsmg which L'''"^ (resp. L^'^'^s) 
is the subset consisting of those t for which the vectors n, r2 G Vb (8)q]R are linearly 
dependent (resp. linearly independent). Note that 

(3.4) TeL^'"s ^ x±(r) eXo. 
We now decompose L = L* U L" in which 

L" = FL"'"8; L' = L\ L" 

and define (1, l)-currents 'E.*{a,v) and 'E.**{a,v) on X exactly as in ()3.3p . but with 
L replaced by L* and L** , respectively. Both currents are invariant under the 
action of F and so define currents on the orbifold Ai (C) . 

Proposition 3.2. The currents R{a,v), 'E.'(a,v), andR**{a,v) are Green currents 
for the 0-cycles Cq, Cq, and C" on M, respectively. 

Proof. It suffices to prove any two of the three claims. As in [T^ §3.2] there is an 
isomorphism of zero dimensional orbifolds 



J^(a)(C)=[r\ □ {x+(r),x-(r)} 



Qir)=c 



This shows that the puUback of the cycle Cq to X is equal to the formal sum 

J2 {x+ir)+x-{r)), 



Q(r)=a 



which has S(q!, v) as a Green current. The puUback of C" to X consists of that 
portion of the above sum whose support is contained in the F-orbit of Xq. This is 
the formal sum 

(x+(r)+x-(r)), 



Q(r)=a 



which has ^**[a, v) as a Green current. □ 
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4. The Hodge bundle 

In this section we define the hodge hne bundles OJ^'^^ and w^'^^ on and 
M , respectively, and prove that these line bundles are isomorphic to the canonical 
bundles of these stacks. We then construct explicit metrics on these bundles, and 
prove that the restriction of w^'^s to A^o is isomorphic, as a metrized line bundle, 
to oj^'^^ (g) w^'^^. This will be a key ingredient in the arithmetic adjunction formula 
proved in SJS] 

Abbreviate 6f — tnitUj — n72n7^, where {zui,'cu2} is our fixed Z-basis of Op- 
Note that —SpSp — Sp — dp, and that SpOp = Tip. For an abelian scheme 
A ^ S with identity section e : S* — > A, the co-Lie algebra of A is the locally free 
Og-module 

coLie(v4/S') = e*n\^g = Honio^ (Lic(yl/S'), Os) 
of rank equal to the relative dimension of A. Define the Hodge bundle on A4o by 

wj^'^s = A2coLie(A™'7Mo) 

where the exterior product is taken in the category of Owig-modules, and AJJ"'^ is 
the universal QM abelian surface over Mq. Define the Hodge bundle on Ai by 

^Hdg ^ ^2 ^2^^ coLie(A""'7X) 

where the means exterior square in the category of OTn-modules and A^^ means 
exterior square in the category of Om ®z OF-modules. The Hodge bundle is essen- 
tially the determinant bundle of coLie(A""'^/A^). Indeed, if C is any Om/c '^Q P~ 
module that is locally free of rank two, the splitting C (X)q F = C x C induces a 
decomposition C = L'^^'^ ® Z!*^^^. There is then an isomorphism of line bundles 

A^ A^^ C A^C 

on Ai /c determined by 

(si A ti) A (s2 A t2) i-^. si A A S2 A ^2 
for local sections si, ti of C^^^ and S2, h of C^^K Taking C = coLie(A"'"^/A^) shows 
(4.1) uj^^^ = A4coLic(A""'7X)/c. 

Lemma 4.1. Recalling the closed immersion i : Mq M of [J3 there is an 
isomorphism of invertible -modules 

Z*C.Hdgc^^Hdg^^Hdg^ 

Proof. Using the canonical isomorphism 

rLie(A""7X) = Lie(Ar7>Io) Op 
of Omo "8)z Oi^-modules, we deduce that 

z*coLie(A"'"7M) = coLic(A^"'^/Xo) ®z ^p^- 
If Cq is an O^vip-module that is locally free of rank two, there is an isomorphism 
Ao^ (-Co ®z ^p^) {A^Co) Op 

defined by 

(s (g) 5) A (s' (g) 6') i-> (s A s') «) {SS' ■ dp) 

and an isomorphism 

a2((a2£o) <E>z Op) (A^Co) <E> {A^Co) <» (A^Op) 
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defined by 

((s A t) «) x) A ((s' A t') <E) x') (s A t) «) (s' A t') (g) (x A a;')- 

Using the Z-basis {wi, VJ2} of Op to identify A^Of — Z via 

{avji + 6-1172) A (c-cui + dizi2) ^ ad — be 

and applying the above isomorphisms with Cq = coLie(AQ"'^/A^o)7 we find iso- 
morphisms 

- A^ ((A2coLie(Ar7A^o)) Op) 

^ ( a' coLie(Ar"/Xo)) ^ ( a' coLie(A^"'"/7Wo)) 



Hdg Hdg 



□ 



Let clIq = '-^Mo/z ~ ^M/z be the canonical bundles on A4q and A^, 

respectively. There is a canonical morphism of Owio-modules oJo, which is 

an isomorphism when restricted to the smooth locus of A^o Spec(Z), and hence 
we may identify Wq/c — ^Aio/f ■ Similarly there is a canonical morphism of Om- 
modules — >■ a;, which is an isomorphism over the smooth locus of Spec(Z), 
and so we may identify oj/c = ^m^^- 

Proposition 4.2. There are isomorphisms 

^ Hdg ^ Hdg 

Wq = " CO = OJ 

of line bundles on Mq and M, respectively. 

Proof. The first isomorphism is Proposition 3.2] (compare also with [Ml §1.0]). 
We will give a slightly different construction, which is better suited to the calcula- 
tions to be performed in the proof of Proposition HjH Suppose that ?7 — J' TWq is an 
etale morphism with U a scheme, and that U is smooth over Spec(Z). That is to 
say, U is an etale open subset of the smooth locus of A^q. The morphism U ^ Mo 
determines a principally polarized QM abelian surface {Ao,io,^o) over and the 
order Obo acts naturally on the right on each of the Oc/-modules coLie(Ao/?7), 
Lie(Ag /[/), and H^^{Ao/U). Given an Obq ®z Ocj-linear map 

</> : coLie(Ao/C/) ^ Lie(A^/C/) 

we will attach to (/> a skew-symmetric ©[/-bilinear pairing on coLie(ylo/C/) in 
such a way that the construction </) 1— )■ determines an isomorphism 

(4.2) Homo«^»,o„(coLie(Ao/f/),Lie(A^/f7)) ^ Homo„ (A2coLie(Ao/[/), Oc/)- 

Indeed, from the proof of Proposition 3.2] one deduces the existence of a unique 
0[/-linear map 

$ : coLie(ylo/[/) ^ Lic(Ao/?7) 
satisfying $(x • 6) — b'' ■ $(0;) for all & G and making the diagram 

coLic(Ao/C^) 




Lie(Ao/t/) — ^ Lic(Ao/C/) — - Lic(A^/[/) 
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commute, and one shows that the pairing 

has the desired properties. Here s G Obq is the trace free element chosen in the 
definition of the involution b* ~ s~^b''s on Bq, b i-> b' is the main involution, and 
the pairing (•, •) is the tautological pairing between coLie(Ao/C/) and Lie(^o/C^)- 

Denote by Tj//^ = Hom^^ (fi^^^j ^c/) the tangent sheaf of U. For any local 
section D of Tj//x the Gauss-Manin connection determines an -linear morphism 
of coherent O^z-modules 

Combining this with the short exact sequence 

^ coLie(Ao/;7) ^ H^t:^ {Ao/U) Lie(A;^/;7) ^ 
of Hodge theory yields the Kodaira- Spencer isomorphism 

(4.3) Ty/z ^ Homo«„®,o^ (coLie(Ao/C/), Lie(A;^/C/)) 
defined by sending D to the composition 

coLic(Ao/C/) ^ H^j^{Ao/U) H^j^iAo/U) ^ Lic(A^/C/). 

More details on this construction can be found in T?, §1]. Composing the Kodaira- 
Spencer isomorphism with the isomorphism (j4.2p and dualizing yields an isomor- 
phism 

A^coUeiAo/U) ij^, 

and thus over the smooth locus of A^o there is an isomorphism u?^^^ = uiq of line 
bundles. Using the regularity of Mo and the fact that the nonsmooth locus of Mo 
lies in codimension two, one shows that this isomorphism extends uniquely across 
all of A^o- 

Now suppose that J7 — > is an etale open subset of the smooth locus of M, 
and let (A, i, A) be the corresponding -polarized QM abelian fourfold over U. 
We claim that, as above, there is an isomorphism 

Homo^«,o„(coLie(A/[/),Lie(A^/C/)) 

(4.4) ^ Homop^5^o^(A^^coLie(A/t/),Oj. (E)z Ou), 

which we will denote by Q^. The construction of is essentially the same 
as that considered earlier. There is a unique perfect Oi?-bilinear pairing 

coLie(^/J7) (E)Ou Lie(^/J7) Dp^ (g)z Ou 
such that the composition 

coUe{A/U) ®Ou Lie(A/[/) ^ ®^ Ou ^'^^'''^"^> Ou 

is the tautological pairing. This pairing defines the first arrow in the Op-bilinear 
pairing 

coLic(A/C/) ®Ou (Lie(A/C/) ^p^) ^ ®i '^u -^^^ Op ®i Ou, 
which we denote by (•, •). View the polarization A as an isomorphism 
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For each Ob <8)z ©[/-linear 

(j) : coUe{A/U) Ue{A^ /U) 
there is a unique ©[/-hnear map 

$ : coUe{A/U) Ue{A/U) T)p^ 
satisfying $(x • 6) — b"- ■ $(x) for ah b G Ob and making the diagram 

coLie(^/f7) 




Ue{A/U) (E)Op Ue{A/U) (g)©^ Dp^ ^ Lic(A^/C/) 

commute, and the pairing 

has the desired properties. The Z-module homomorphism 

Op D^i ^ z 

induces an isomorphism 

Homo^^_,o„ (A^^ coUe{A/U) ,Of®zOu)^ Homo„ (A^^ coLie( A/f/) , 0[/) , 
which when composed with (|4.4p and the Kodaira-Spencer isomorphism 

Tc//z ^ HomoB®zO[,(coLie(A/[/),Lie(yl''/[/)) 
yields an isomorphism 

A2,^coLie(A/C/) ^ f]!,/^,. 

Thus over the smooth locus of M. there is an isomorphism oj^'^^ = lo which, again 
using the regularity of and the fact that the nonsmooth locus of M. lies in 
codimension two, extends uniquely across all oi Ai. □ 

Remark 4.3. In the sequel we freely identify ujq with uj^'^'^ and w with 

w^'^s using 

the isomorphisms of Proposition 14.21 



Let CTo and rg denote the coordinate functions on C^. For each zq G Xq the 
holomorphic 2-form da^ A cItq on defines a holomorphic 2-form on the QM 
abelian surface Aq^xq constructed in ^ hence an element of the stalk at of the 
puUback of Wg^jf to Xq. As zq varies 

eo — d<jQ A dro 

defines a nonvanishing global section of the pullback of Wq/c to Aq. Similarly, if 
, "J": , o'2 , T2 are the coordinate functions on x C^, then dai A dT^ for i — 1,2 
defines a section of the pullback of AQ^coLie(A""'^/7M) /c to A, and hence 

e = • (do-i A dri) A ((icr2 A dT2) 

defines a section of the pullback of to A. Tracing through the above construc- 
tions shows that the isomorphism of Lemma 14.11 satisfies 

(4.5) dp ■ eo® eo- 
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We now mctrize OJ^'^^ and ui^'^^. For a point zq e Mo{C) and a vector uo in the 



fiber of uj^'^^ at zq, define 
(4.6) 



l|2 



247]-3e7Eulc 



An,T(c) 



wfiere 7Euier = 0.5772 ... is Euler's constant. Denote by Qq the line bundle uj^'^^ 
equipped with the above metric, and note that our Qq is precisely the metrized 
Hodge bundle constructed by Kudla-Rapoport-Yang in [ini Definition 3.4]. As in 
[l9l (3.15)] the explicit construction of A^g given in ^j3l together with the easy 
calculation 

Vol(M2(R)/Oso) =disc(Bo) 

(the volume is with respect to the Haar measure on 7\f2(IIS) normalized so that 
Vol(A/2(K)/M2(Z)) = 1) shows that after pulhng back a;^'*'^ to Xq 

.. ... 1 



(4.7) 



227r3e7Euic 



-lm(zo) disc(_Bo). 



We metrize ui^'^^ in a similar way. For a point z £ A4{C) and a vector u in the 
fiber of w^'^^ at z, we use the isomorphism (|4.ip to view u as a holomorphic 4-form 
on the QM abelian fourfold A""''^ and define 



(4.8) 



1 



287r6e27E„io: 



u A u 



Ar"(c) 



Pulling back w^'^s to X, and using the volume calculation 

Vol((Af2(M) X M2(M))/e'B) = disc(So)2 • dj, 
and the construction of A^ of fJ31 we then compute 



(4.9) 



24,^6 g27Euu 



-Im(2i)2lm(z2)^disc(So) 



Comparing (14. 5p . (|4.7p . and (|4.9|) we find that the isomorphism of Lemma 14.11 
preserves the metrics defined above. That is to say, the isomorphism of Lemma |4. II 
induces an isomorphism of metrized line bundles 



(4.10) 



I w = ojo <K) cjo • 



Proposition 4.4. The metrics ^4-6^ and H 



on UJ^'^^ and ui^'^^ induce metrics 



on the sheaves of top degree holomorphic differential forms ^'^'^ '^^'^ these 
metrics are determined by the formulas 

1 



\dzo 



Tl-gTEulc 



Im(zo)^ • disc(Bo) 



||dzi A dz2\ 



7^2g27Euic.- 



Im(zi)2lm(z2)' •disc(Bo)', 



respectively. 
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Proof. Return to the notation of SJH and in particular recall the family of principally 
polarized QM abelian surfaces (Aq^zq, zo.zq, Ao,zo) parametrized by zq = xq + iya e 
Xq. By Hodge theory there is an isomorphism of short exact sequences 



0- 



■ coLie(Ao,2 



-ffDR(A.o/C)' 



0- 



^i3R(^0„ 



i/l'0(Ao,zo/C) 



and the cohomology of the exponential sequence 







0, 



^ 27riZ ^ Oao.^o 
induces the first isomorphism in 



Lie(^^,,,,/C) = i?i(Ao^zo,0^o,.J = i?"'\Ao^zo/C). 



Recall that we have fixed an isomorphism Bo 
morphism of M- vector spaces po.zQ : Af2(IR) ^ 



by 



= M2(M) and defined an iso- 



If we give M2 (K) the complex structure under which multiplication by i is equal to 
right multiplication by 

then po.zo is an isomorphism of complex vector spaces. By definition of ^0,20 there 
are isomorphisms of smooth manifolds 

PO,; 



(4.11) 



M-2 



^CVpo,zo(Obo)=^o,; 



oJ — ^-^u,zo ■ 

Let CTo and tq be the standard coordinate functions on C^, so that {daQ,dTQ} is 
a basis for i?^'°(Ao,zo/C) and {dao,dTo} is a basis for _ff°'^(Ao,zo/C). Under 
the isomorphisms (|4.1ip these differentials correspond to the smooth 1-forms on 

M2(R)/Obo 

(4.12) d(To = zijdaii + dai2 

dro — zoda2i + da22 

d^o — zodaii + dai2 

dfo = zoda2i + da22 

where are the usual coordinates on M2(M). The basis of Lie(Ao,zo/*C) dual to 
the basis {dao,dTo} of coLic(y4o,2o/C) is {e,/} where 

1\ fO 0^ 

oy ^ 1^0 1 

Recall from ^12, §3.1] the alternating form tpo on Bq defined by 

Mx,y) = !„ Tiixsy*) = .. Trixy's). 
disc(_Ko) disc(iJo) 

Extend i/jq R- linearly to Bq (8)qM = Af2(R), and define a Hermitian form on M2( 
(with respect to the complex structure determined by Jzg ) 

Hzo{x,y) = ±{ilJo{xJz„,y) +itpo{x,y)) 
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where the sign is chosen so that Hz^ is positive definite. As zq varies the sign for 
which this holds is constant on each connected component of Xq, and is different 
on the two components; by replacing s by — s if necessary, we may assume that the 
sign is +1 on the component with Im(zo) > 0, and to simplify notation we assume 
from now on that Im(zo) > 0. Using (14. lip to identify 

M2{R) = C^ = Uc{Ao,zJC), 

we view Hz^ as a nondegenerate Riemann form on hie(Ao^zo/C)- If we identify 
H^'^{Ao^zo/'C) with the space of conjugate linear functionals on Lic{Ao^za/'C) then 
the C-linear isomorphism 

Lie(^o,.o/C)^Lie(^^,,„/C) 

factors as 

Lie(Ao,.JC) ^ i/°'i(Ao,.„/C) ^ Uc{Al,JC) 
where the first arrow takes the vector v to the conjugate linear functional 

w I— > TrHzg{v, w). 

The factor of tt = (27ri)/(2z) appears because of the "experimental error" of 2i at 
the bottom of [22l p. 87] and the fact that our exponential sequence is shifted from 
Mumford's by a factor of 27ri. Direct calculation now shows that 



TrHz„{se,e) = 





= -T^Vo ^ 




ttHzo {se, f) = 




= -T^Vo^ 


•c?To(/) 


T^Hzo {sf, e) = 




= -T^Vo ^ 




7rHz,{sfJ) = 





= -T^Vo ^ ■ 


cfCTo(e). 



This implies that the composition 

Lie(^o,.„/C) A Lie(Ao,.„/C) ^ Lie«,,„/C) 
used in the proof of Proposition 14.21 satisfies 

e H> • cffo / i-> • dUQ ■ 

yo yo 

We next compute the Gauss-Manin connection 

V(d/dzo) : H^niAo.zo/Q ^ Hhn{Ao.zo/C)- 
Differentiating the equations (|4.12p with respect to zq shows that W{d/dzo) satisfies 

dao I— —{d(Ta — dao) 

Zq - Zq 

dTQ —{dTo-dro). 

Zo - Zq 

The image 

(l)zo e HomBo^^c(coLie(Ao,^o/C),Lie(A^_^^/C)) 
of d/dzo under the Kodaira-Spencer isomorphism ()4.3p is equal to the composition 

H'-'>iAo,zo/C) ^ H^^iAo,zJC) H^^iAo,zo/C) ^ H"^\A„^zo/C) 

and so has the explicit form 

<Pzo{d<7o) = — ^ • da'o (f)zo{dTo) = — ^ • cffo. 
2iyo 2zyo 
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The map making the diagram 



coLie(Ao,^o/C) 

Lie(^o,.o/C)- 
commute is then 



Lie(Ao,,„/C) 



Zm Zm 
and the pairing Qip^^ on coLie(^o,2o/*^) defined in the proof of Proposition 14.21 is 
completely determined by the single value 

Q<j3,„{dao,dTf)) = {dao,^zoidTo)) = '^(dao,e) = 

We deduce that the isomorphism ujq = uj^'^^ of Proposition I4.2[ when pulled back 
to an isomorphism of line bundles on Xq, satisfies 

dzo i~> 27Ti ■ dao A drQ. 

Applying (|4.7p shows that 

1 



TreT 



Ini(zo) • disc(i?o) 



as desired. Similar calculations show that the isomorphism ui = lu^'^^ of Proposition 
when pulled back to an isomorphism of line bundles on X, satisfies 

(27ri)2 



dzi A dz2 



-{dai A dri) A {da2 A dr2), 



and hence (j4.9p implies 

\\dzi A dz2\\ 



Im(zi)2lm(z2)^disc(Bo) 



□ 



5. The adjunction formula 

In this section we prove the arithmetic adjunction formula, Theorem 15.61 This 
theorem gives an explicit formula for the linear functional (|2.8p evaluated at a hor- 
izontal irreducible arithmetic cycle on A4 intersecting Mq improperly (i.e. com- 
pletely contained in A^o)- This formula is one the main ingredients in the proof of 
Theorem El 

We return to the notation of [jSl Fix a totally positive v G F (S)q K and write 
{vi,V2) for the image of u in R x R. Similarly, for any 7 e F, write (71,72) for the 
image of 7 in Go(M) x Go(M). For an irreducible horizontal cycle 2? of codimension 
two on A4, define a Green current for V 

PG-D(C) 7er 

On the right a; € X is any point lying above P G M (C) under the orbifold presen- 
tation (1321) of M{C). Denote by 

(5.1) V{v) e CR{M) 
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the arithmetic cycle class of the pah (P, S(I?, w)). Given a metrized line bundle 
J- on A^o and an irreducible cycle j : 2? — >■ M.^ of codimension one, the Arakelov 
degree 

(5.2) d^{V,j*T) 

is defined in [201 Chapter 2], and the Arakelov height 

hj, : Z\Mo) R 

is defined by linearly extending V i— deg(I?, to all codimension one cycles with 
rational coefficients. If instead is a metrized line bundle on A4 and j : T) A4 
is an irreducible cycle of codimension two, then deg(I?, j'*J-") is defined in the same 
way as (|5.2|) . and 

: Z^{M) R 
is the Q-linear extension of 2? i— > deg(I?, j* J^). 

Lemma 5.1. Suppose w (z X and 7 G F satisfy both w e Xq and e Xq. Then 

7 e Tq. 

Proof. Pick any two points w,w' G Xq and let Pq = (Ao,^,, Ao,^,) and Pq = 
(Ao,u,', Ao,u,') be the objects of A^o(C) constructed in ^ Thus there is a canonical 
bijection 

(5.3) {70 e To : 7ow = w'} lsoMoiC)iPo, Pq)- 

If we then let P and P' be the images of Pq and Pq in Ai (C) , there is a canonical 
bijection 

(5.4) {-/€r:^w = w'}9^lsoM(c){P,P')- 

According to [TH Lemma 3.1.1] the evident function from the right hand side of 
(|5.3p to the right hand side of (|5.4p is a bijection, and hence so is the evident 
function 

{70 e Fq : 70^1 = w'} ^ {7 e F : jw — w'}. 

□ 

For any zq £ Xq define 

^u{zo)^ ^ g° (71 2:0, 72 2:0)- 
76ro\r 

The preceding lemma implies that 712:0 7^ 72-20 in each term on the right, so that 
each term in the infinite sum is defined. Using the methods of [9, §6.5-6.6] and 
the rapid decay of g^ away from the diagonal [201 Remark 7.3.2] one can show that 
the summation converges uniformly on compact subsets of Xq, and so defines a 
smooth function on the orbifold [Fo\Xo]. For a positive w S M, denote by Omo{'^) 
the structure sheaf of A^O: endowed with the metric defined by 

-iog\\i\\%^MP) 

for every P £ A^o(C). Here 1 denotes the constant function 1 on the orbifold 
AiQ{C). For any irreducible cycle Vq on Mq we have, from the definition of 
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Arakelov height, the relation 

(5-5) ^6^Mi1^o) = l E ^p'MP)- 



PGX>o(C) 

We next metrize the hne bundle 

on A^. If we denote by s the constant function 1 on viewed as a global section 
of C, there is a unique smooth metric || • || on £ satisfying 

(5.6) -log||s|||, = log(4u-dj.disc(Bo))+ ^ 5°(7ia;i, 722^2) 

7ero\r 

for every P E A^(C) \ A4o{C) and x E X lying above P. To see that the metric 
extends smoothly across Aio{C) one uses [501 (7.3.16)] to show that near a point 
of Xq the right hand side has the form 

g^{xi,X2) + smooth = — log \xi — a;2p + smooth. 

Let C{u) denote the line bundle £ on endowed with the above metric. The 
pullback i*C is the normal bundle of the closed immersion i : Mq — )• Ai and the 
classical adjunction formula [211 Theorem 6.4.9] provides a canonical isomorphism 

(5.7) ujQ ^ i*£ (X) i*uj 

in which ojq and cj are the canonical bundles on AIq a-nd as in SjH The following 
proposition is our first form of the arithmetic adjunction formula. 

Proposition 5.2. There is an isomorphism of metrized line bundles on A^o 

(5.8) Wo (5m„(u) = r£(u) (g) Tw. 

Proof. Let Lq be the pullback of i*>C to a line bundle on X^, so that Lq is isomorphic 
to the pullback of Ox{Xq) to X^). The function 7(21,22) = {zi — 22)^^ on X 
defines a global nonvanishing section of Ox{Xq), which in turn restricts to a global 
nonvanishing section ctq of Lq. Under the metric on Lq determined by the metric 
()5.6p on this section has norm (using [201 (7.3.16)] for the final equality) 

-loglkoll'o - - lim log||s/(xi -X2)||^ 

= \og{Au ■ dpAisc^Bo)) ^- du(zo) + lim (^"(xi, 2:2) + log |a;i - 2:2^) 

(5.9) = log(dFdisc(Bo)) + t?„(2:o) - 7Eulcr - log 1 

im^zoj 

where zq G ^Oi and in each limit x E X \ Xq. The isomorphism of line bundles 
(|5.7|) can be viewed as an isomorphism 

(5.10) Wo «) Oa4o = «) w, 

which pulls back to the isomorphism of line bundles 

n^x ®Oxo = LQ®i*n\ 
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on Xq determined by dzo (g) 1 O ctq (81 {dzi A dz2). Comparing (|5.9|) with Proposition 
14.41 gives 

-log\\dzo^l\\l = 7^"'- + l"g( disc(i3oHm(zo)0 "'^"^'°^ 
= -log\\ao(E) (dzi Adz2)\\%,, 
and therefore the isomorphism (IS.lOp respects the metrics of (jS.Sp . □ 

Corollary 5.3. There is an isomorphism of metrized line bundles on Mq 
In particular for any irreducible horizontal cycle D on Mq 

Pev(C) 

Proof. The first claim is immediate from Proposition 15.21 and the isomorphism 
of metrized line bundles (|4.10p . The second claim is then just a restatement of 

(EH). □ 



Lemma 5.4. For any irreducible horizontal cycle V on A4 of codimension two 
degA^oi?(w) = - ^degQ(2?)log(4widFdisc(So)) 

+ ^ ^ '^p^ ^ / go(72a;2,W2) A $o(7i2;i,wi) 

where x €z X is any point above P under A4(C) ^ [r\X], and 
(5.11) degQ(P)= ^p'- 

Proof. Kudla's function (7^ on X satisfies the Green equation 

dd'g'>+Sx„^cl 

for some smooth Fo-invariant (1, l)-form c° on X, and from the explicit calculation 
of dd'^g^ in the proof of 20, Proposition 7.3.1] we see that 

C° = (/)° • TT^/io + (/),° • TTj/Uo + • (i^l A (iZ2 + Pu ' rf^l A dz2 

for smooth functions a,; and /3,i on X. Define a Fo-invariant function 

G^(a;) =log(4u-di.disc(Bo))+ ^ 5° (71 ^^i, 722^2) 

7ero\r 

on X \ FXo, and view as a (0, 0)-currGnt on the orbifold X(C) = [F\X]. As 
satisfies the Green equation 

dd'^Gl + SM.^ E 
7ero\r 

we may consider the arithmetic cycle class Aioiu) G CH (A^) determined by 
(A^OjG"). Comparing with (|5.6p . we note that M.q{u) is the arithmetic Chern 
class (in the sense of §2.1.2]) of the metrized line bundle C{u). 
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Recall from [fl Lemma 3.4.3] that there is a canonical isomorphism of Q- vector 
spaces 

CH\spec(Z)) ^ M. 

The lemma is really a special case of [1] Proposition 2.3.1], which relates both 
sides of the stated equality to the value of ^{v) ■ Mo{vi), where the product is the 
arithmetic intersection 

(5.12) GH{M) X CR{M) CH\spec(Z)) ^ R. 

Indeed, what we call the arithmetic degree degj^^^^D{v) is equal to the intersection 
pairing {'D{v) \ A^o): where the pairing 

CR{M) X Z2{M) CH\spec(Z)) ^ M 

is defined by [J (2.3.1)]. On the other hand, by [U Proposition 2.3.1(vi)] the 
Arakelov height h^^^-^{T>) is equal to the intersection pairing {M.q{u) \ V), where 
now we use the pairing 

GH{M) X Zi{M) CH\Spec(Z)) ^ M. 
Comparing (2.3.1)] with ^ (2.3.3)] shows that 

PGI5(C) ^ 

Taking u = vi and using 

log(4udisc(i?o)) A <i>i(a;, v) A $2(2;, v) 

= log(4wdisc(Bo)) (l)°^{xi, zi)d^io{zi)^ (^J 4>l^{x2, Z2)d^iQ{z2)^ 
= log(4udisc(So)) 
shows that ^{v) ■ AAq{vi) is equal to 

Aio^(") + \ degQp) log(4«idisc(Bo)) 

\ ^ ^ j 9v^{l^Zln2Z2)<t)lS^l,Zl)(j)l^{x2,Z2)d^io{zl)d^Mo{z2). 



X 



2 

PGI5(C) 76ra\r- 



On the other hand, we may use the symmetry of the pairing (|5.12p to reverse the 
roles of A^o and P, and deduce that 



Pei5(C) 7ero\r' 
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The integral can be rewritten, using (7 ^)*g(a:;, v) — g{jx, v), as 



X 



Ag2(7a;,w) + / Agi(7a;,w) A$2(7a;,w) 
{7ixi}xXo JX 



^jTrJ^o A g2(7a;,u) + / ^^^Tr^j'/^o A gi(7a;, u) A $2(72;, 



0°i (712^1, 22)g°2 (722:2, ^2)^^0(22) 
+ / 5°i(7ia;i,2i)0°^(zi,Z2)(?!)°^(72a;2,Z2)dAio(2^i)rfMo(^:2) 

Y 

§0(722:2, W2) A $o(7i2;i,wi) 

+ / 9viizi^Z2)(l)°^{zi,-/iX2)(t)°.^{^2X2,Z2)d^o{zi)dfla{z2) 
X 

§0(722:2, W2) A $0(712:1, wi) 



Xo 



Xo 

+ / 5^1 (712^1, 722:2)<^°,(Z1,2;2)'/>S, (2:2, 22)dAio(2:i)rf/^o(2:2)- 
JX 

For the second to last equality we have used the following observation: for each 
fixed Z2 G Xq there is a T e Go(M) whose action on Xq interchanges 22 and 71X1. 
Hence 



X, 



gvAliXi^zi)(j)y^{zi,Z2)d^oizi) = / gvAz2,T ^zi)(/>„i (zi, 22)^^0(^1) 

9vi {Z2, Zl)(t>vi {Tzi, Z2)d^io{zi) 



Xo 



fjvi {z2, zi)(t>vi {zi,jiXi)dno{zi)- 

Xo 

Comparing the two formulas for 2?(w)-A1o(wi) = ■Moivi)-'D{v) proves the claim. □ 

Remark 5.5. The proof of Lemma 15.41 makes extensive use of the arithmetic inter- 
section theory for schemes developed in [71 and in [T] , while we are working with the 
stacks Mo and M. This can be justified by using a trick of Bruinicr-Burgos-Kuhn 
[3] to deduce an adequate intersection theory for A4 by writing (for every e Z+) 
the stack M/z[i/n] as the quotient of a Z[l/7V]-scheme Mx[i/Ar] by the action of 
a finite group, and using compatibility of the Gillet-Soule intersection theory for 
Mz[i/N] as N varies. See for example the construction of deg^^^ given in [12, §2.3]. 

Now suppose we start with an irreducible horizontal cycle V of codimension one 
on A^o- Viewing I? as a codimension two cycle on A4, we may form the arithmetic 
cycle class 'D{v) of (|5.ip . Our final form of the arithmetic adjunction formula will 
compute the arithmetic degree of 2?(w) along A4q in terms of purely archimedean 
data and the quantity hQg(T>). The essential point is that while the arithmetic 
degree of T>{v) along Mo depends on the positions of Mo and V inside of the 
ambient threefold M , the Arakelov height Hq^ {V) depends only on the position of 
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V in TMo, and makes no reference to the threefold Jv[. In the apphcations V will 
be chosen in such a way that the quantity /i^o {'D) has already been calculated by 
Kudla-Rapoport-Yang . To state the formula we need the following notation. 
As in [20j Lemma 7.5.4] define a function J : R+ ^- R+ by 

/•OO 

J{t) = / u)-ie-*"'[(u; + 1)1/2 _ -^j 

^0 

so that for any fixed xq G 

(5.13) / go(xo, W2) A <I>o(xo, wi) = log ( ^ ) - J(47rwi + 47^2). 

Theorem 5.6 (Arithmetic adjunction). Suppose T) is an irreducible horizontal 
cycle of codimension one on Mq. Viewing V as a cycle on M, let 

V{v) e CR{M) 
be the arithmetic cycle class of i5.1\) . Then 

hQ„{V) + deg^^V{v) ^ i degQ(X>) • log 



2 ' \4viV2 ■ dpdisc{Ba) 

-idegQ(X') • J(47rwi +47rw2) 



\ ^ ^ / go(7ia;o, vi) * go(72a;o,'y2)- 



2 

PeP(C) 7ero\r' 

In the integral xq G Xq is any point above P under Aio{^) — [^o\Xo\, and degq is 
defined by h5.11]) . 

Proof. The crux of the proof is a trivial observation: the height h^^^-^ (V) depends 

only on the pullback of the metrized line bundle C{u) to 2?, which can be computed 
by first pulling back from Ai to Aio and then from Aio to T). In other words 

where V is regarded as a cycle on A^o on the left, and as a cycle on M on the right. 
Thus Lemma shows that deg^^2?(u) is equal to 

K'C(v,)i'^) - ^degQ(I?) log(4z;id;^disc(Bo)) 

+ ^ X! X! / §0(722^0, W2) A $0(712^0, wi)- 

Using Corollary 15.31 and (|5.13p this can be written as 

h..iV) + \ deg,(P) log { .^^^XZciB,^ - \ ^^S^(^)^(4-^i + 4-^2) 
X! epi(^i?„i(xo) + ^ / go(72a;o,w2) A $o(7i2;o,wi 
7^ro 
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The final quantity in parentheses is 

X! (5°i(7ia;o,72a;o) + / go(72a;o, "2) A $o(7ia;o, wi) 



7ero\r 



X! / (go(7ia;o,wi) A5{^2:eo} +go(72a;o,W2)A$o(7i2^o,wi)) 
7^ro 



7Gro\r 
7^ro 

completing the proof. 



X! / go(7ia;o,wi) * go(72a;o,W2) 



□ 



6. Unramified intersection theory 

The arithmetic adjunction formula of the previous section will allow us to com- 
pute the degree along M.q of those horizontal components of y{a) that intersect 
A^o improperly, and now we turn to the intersection theory of the remaining com- 
ponents of y{ct)- Much of the hard work in these calculations is contained in 
In this section we consider intersection multiplicities in characteristics prime to the 
discriminant of -Bo- The case of characteristic dividing the discriminant of Bq will 
be treated in the next section. 

Fix a totally positive a G Of and abbreviate y = y{a) and 3^o = 3^o(a)- Let p 
be a prime that does not divide the discriminant of B^, and fix an isomorphisms of 
stacks M. — [H\M] with M a Zp-scheme and H a finite group of automorphisms 
ofM. Set 

Y = yxMM Ma=MaXMM Fo=3^oXxM 
so that there is a cartesian diagram of Zp-schemes 



Yo 



Y 



4>a 



Mn 



M. 



The scheme Y has dimension at most one (see [12', Proposition 3.3.1]). The scheme 
Ig has dimension zero if F(-^— q;)/Q is not biquadratic (see the proof of [12l Lemma 
5.1.2]) but otherwise Yq may have components of dimension one. For every nonzero 

T £ Sym2(Z)^ and nonzero t e Z set 

Z{T) = Z{T) xmo Ma Z{t) = Z{t) xm„ Mq. 

If det(T) 7^ then the scheme Z{T) is zero dimensional (by j20i Theorem 3.6.1]). If 
det(T) ~ then Z{T) has dimension at most one and every irreducible component 
is horizontal (by [201 Proposition 3.4.5] and [3ni Lemma 6.4.1]). The scheme Z{t) 
has dimension at most one and every irreducible component is horizontal (again by 
POI Proposition 3.4.5]). The decomposition (|2.2I) induces a decomposition 

(6.1) \J Z(T). 
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For any Noetherian scheme X let Ko(X) be the Grothendieck group of the cat- 
egory of coherent Ox-modules. If J —> X is a proper morphism, let Kq (X) be the 
Grothendieck group of the category of coherent Ox- modules that are supported 
on the image of J. If is a coherent Ox-module we denote by [J-] the corre- 
sponding class in Ko(X). Let n(F) denote the set of all irreducible components of 
Y of dimension one, and endow each such component with its reduced subscheme 
structure. If _D e n(F) has generic point 77, and is a coherent Oy-module, define 
the multiplicity of J- along D to be the length of the stalk 

muhr,(J') = length(3^^(J",,). 

The multiplicity is finite (as Oy_^ is Artinian) and depends only on the class of F 
in Ko(F), not on the sheaf T itself. Define 

[F]d = muhz?(J") • [Od] e Ko(i?). 

As the inclusion D ^ Y \s finite, push forward of sheaves is an exact functor 
from coherent O^i-modules to coherent Oy-modules, and induces a homomorphism 
Ko(i:)) Ko(F). Thus we may also view [F]d € Ko(F). It follows from [Tl 
Lemma 2.2.2] that for any class [F] G Ko(y) there is a canonical decomposition in 

(6.2) t-^]^ 

Den(Y) 

in which [jc-]smaii jjgg ^y^^ image of Kq (F) — )• Ko(F) for some closed subscheme 
J — >■ F of dimension zero. 

Definition 6.1. We say that an irreducible component D G 11(1") is improper if 
it is contained in the closed subscheme Yq, and is proper otherwise. Thus the term 
"proper" is shorthand for "meets Mq properly." 

Let nP''°P(y) C n(y) be the subset of proper components, and write n(y) as a 
disjoint union 

n(y) = n'(r) u n"(y) u xr°\Y) 

in which 11™"^ (F) is the subset of vertical components, n'(y) is the subset of proper 
horizontal components, and 11** (K) is the subset of improper horizontal compo- 
nents. As Yq has no vertical components of dimension one (by the decomposition 
()6.1|) and the corresponding property of Z{T) noted above) 

np™p(y) = n*(y) u \r"{Y). 

Give 

y* = y £> c r 

its reduced subscheme structure and define Y" , yvcr^ ^-^^ yprop gi^iilarly. For any 
[F] e Ko(r), set 

[:f]'= J2 [-^li^ e K„(y*) 

and define [T]", [J"]^", and [J"]p™p similarly. In Kq{Y) we have the relation 
and in Ko(FP™p) we have 

(6.3) [J-]P™P = [J"]* + [Tr'. 
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For any coherent Oyprop -module T (which we also view as a coherent Oy-module 
supported on FP''°p) and any y g yb(Fp'^) (which we also view as an element of 
y(F^i8), Mo(F^i8), or M(F^'s) as needed) define 

(6.4) /o,„,^(J-,Omo) = ^(-f)^-lengtho,^^Torf"-(^„e)Mo,,) 

£>0 

= Y.{-\)' ■ lengtho,^^Torf-''(J-„Oy„,,). 

The rule \T\ i-> Ioy^ yi-^^^Mo) determines a homomorphism Ko(yP'^°P) — > Z. 

Proposition 6.2. for ewer?/ nonsingular T G S(a) and y E Z{T){¥p^s) 

IaY^J[OY]',OMo)+IoY„J[OYV''\OMo) = lengtho,^,,,,(Oz(T),,). 

Proof. For any y G Z(r)(FpS), the decomposition (|STT|) implies Ovo^y = C'z(t),i/- 
As noted earlier, the hypothesis that T is nonsingular implies that Z{T) has dimen- 
sion zero, and hence Oy^y is Artinian. It follows that the right hand side of (|6.4p is 
defined for every coherent Oy-module not merely for coherent Oyprop -modules, 
and that 

extends to a homomorphism Ko(y) — >■ Z. Furthermore [151 Lemma 4.2.2] implies 
that hcs in the kernel of this homomorphism, and so (|6.2p implies 

(6.5) Ioy^JJ^,Omo)^ E IoYoJi^]D,OMo)- 

r>en(y) 

If £> G n(y) is an improper component then D cYq, and so 

dimZ(T) = =^ D(^Z{T) =^ y ^ D{¥f<^). 

Hence if we view Od as a coherent Oji/-module, the stalk O^.j/ is trivial. Taking 
J" = Oy in (|6.5p now gives 

(6.6) /o,„„(Oy,OMo) = /o.„„([Oy]P™P,OMo). 

The local ring OY,y is Cohen-Macaulay of dimension one by [12j Lemma 3.3.4] 
and [m Corollary 3.3.9], and so by the argument leading to (12. 5p 

Torf^^-(Oyy,OMo,y) = 

for £ > 0. Therefore 

IoYo.yi'^Y,OMo) = lengthc^^^(C'Yo,y) = lengthc^^^^ .^(©^(t),^) 

which, when combined with (j6.3p and (j6.6p . completes the proof. □ 

For the remainder of SjH suppose that T G S(a) is singular, and denote by ti and 
^2 the diagonal entries of T. As ^1^2 is a square, there are relatively prime integers 
ni and n2 satisfying 

(6.7) ti=nl-t t2^nj-t 

for some nonzero t G Z, uniquely determined by T. Each of ni and 712 is uniquely 
determined up to sign, and (directly from the definition of S(q!)) these signs may 
be chosen so that 

a — {niWi + n2W2)'^ ■ t. 
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This implies that the field extension F{^/—a)/Q is biquadratic, t > 0, the field 

is one of the two quadratic imaginary subfields of F{^/—a), and t is the largest 
integer with the property 

Furthermore |20| Lemma 6.4.1] provides an isomorphism of stacks 

(6.8) Zit) ^ Z{T), 

which takes the triple (Aq, Aq, sq) to the quadruple (Aq, Ao, tiiSq, n2So). Let mo be 
the ramification index oip in K/Q, abbreviate (Ik = disc(iir/Q), and define n G Z+ 
by 4i = —n^dK so that n is the conductor of Let 

Conjecture 6.3. As above, let T e S(q!) be singular. For every y G Z{T){¥p^) 

(6.9) Io^^J[Oy]',Omo)+Io.„J[OyV''\Omo) = ^ -rplT) -ord, 
where 

pOrdp(n) + l _ ^ pOrdp(n) _ ^ 

Tp{T) = TOO xma . 

p — 1 P ~ 1 

The motivation for the conjecture is simply that (j6.9p is what is needed for the 
equality of Proposition 16.71 below, and hence also the main result Theorem 18.21 to 
hold without unwanted hypotheses. In what follows we will prove Conjecture 16.31 
in many cases; e.g. if p is split in F, or if p is odd and inert in F. These proofs 
make essential use of the calculations of the companion paper [11 . 

Keep T and y as in Conjecture 16.31 Writing X for any one of Y, Yq, M, or 
Mq, and viewing y as a geometric point of X, abbreviate Rx for the completed 
strictly Henselian local ring of X at y. As in the proof of Proposition 16.21 the 
local ring Oy.y is Cohen-Macaulay of dimension one, and hence the same is true 
of Ry- In particular Ry/p has dimension one for every minimal prime p of Ry. 
Mimicking Definition 16.11 a minimal prime p of Ry is improper if it lies in the 
image of Spec(i?Y„) Spec(_Ry). We say that p is proper otherwise, and abbreviate 
jjprop ^j^^ -J q£ proper minimal primes of Ry . For a minimal prime p C Ry 

abbreviate 

mult(p) = length^^^(i?y,p). 

Routine commutative algebra shows that the left hand side of (16.91) can be computed 
after passing from Oy^y to Ry: 

Io.^J[Oyr°^,OM„) 

= ■ E(-l)'lengthfl,„ Torf- {Ry/p, Rm,). 

pgnp"p(flv) t>o 

The argument leading to (|2.5p shows that only the t — Q term contributes to the 
inner sum, and thus 

(6.10) /o,,,,^([Oy]P™P, Om,) = '^"It(P) • length^,^^^ [Ry/p Rm„). 
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Keeping the notation above, let W — W{¥p^^) be the ring of Witt vectors of 
Fp's^ and let Art be the category of local Artinian W-algebras with residue field 
F;^'e. Using (HH) and (g^), the point y e Z(T){¥fs) determines triples 

(Ao, Ao, so) e Z(t)(F^'s) (A, A, t^) e y{¥f^) 
related by A = Aq ^ Of and 

ta ^ so(^ {nivui + 712072) G End(Ao) (g)z Op = End(A). 
Let Ao.p and Ap be the p-Barsotti-Tate groups of Aq and A. The action of 

Obo,p = M^iZp) 

(for any Z-module S we abbreviate Sp = S ®i Zp) allows us to decompose 

Ao,p = 00 X 00 

with 00 a p-Barsotti-Tate group of dimension one and height two equipped with an 
action of the quadratic Zp-order Zp[so] = Zp[a;]/(a;^ + t). Similarly 

Ap = X 

where = 0o (8)Zp Of,p is equipped with an action of the quadratic ©F.p-order 
OF,p\ta\ = Of,p[x]/{x'^ + a). The quotient map M — > M/z^ is etale, and so Rm 
is isomorphic to the completion of the strictly Henselian local ring of A4 at y. It 
follows from the Serre-Tate theory that the formal W-scheme Spf (i?M) classifies 
deformations of with its Ci?^p-action to objects of Art (the polarization A lifts 
uniquely to any deformation of A by [2j P- 51] or [27])- Similarly Ry classifies 
deformations of with its C'i?_p[iQ]-action, Rmo classifies deformations of 0o, and 
Ryq classifies deformations of 0o with its Zp[so]-action. 

Note that go is either isomorphic to QpfZp x fj,p<x, (the ordinary case) or to 
the unique connected p-Barsotti-Tate group of dimension one and height two (the 
supersingular case). The cndomorphism sq of 0o induces an embedding of Kp ^ 
Qp[so] into End(0o)(8iZpQp, from which we see that x — ^ implies that Qq is ordinary, 
while X 7^ 1 implies that 0o is supersingular. 

Proposition 6.4. // T G 'S(a) is singular and x = 1 then 116. 9\) holds for every 
y e Z{T){¥fs), 

Proof. If we define rank one Zp-modules 

Po = Hom(Qp/Zp, 00) P^ = Hom(0o, Mp~) 

and Po — Pq <E)Zp Pq , then the theory of Serre-Tate coordinates as in [HI Theorem 
7.2] provides a canonical isomorphism of functors on Art 

Spf(i?Mo)=Homz,(Po,G,„)- 

If S is an object of Art and <j) : Pq G„i(S') represents a deformation of 0o to S, 
the endomorphism sq of 0o lifts to this deformation if and only if (j) satisfies 

Hisox) «)y) = (j){x® (soy)) 

for every x G Pq and y G Pq . It follows that there is an isomorphism of functors 
on Art 

Spf(i?yJ = Homz^(Po/coPo,G™) 



INTERSECTION THEORY ON SHIMURA SURFACES II 



33 



where cq — nZp is the conductor of the order Zp[so]- If we define rank one Op.p- 
modules 

P = Honi(Qp/Zp, 0) = Hom(fl, ^ip^) 

and P = P (E)Ofp then similarly there are isomorphisms 

Spf(i?M)^Homz^(P,G„0 

and 

Spf(Py)-Homz^(P/cP,G,„) 

where c C Op.p is the conductor of OF,p[ta]- Note that there are canonical isomor- 
phisms 

P = Po Of,p P"" = P^ oj 

and P = Pq ®Zp ^, where uj = Hom^p (Of.p, ^p)- After fixing an isomorphism 
Po = Zp, the commutative diagram of functors on Art 

(6.11) Spf(PyJ ^Spf(Py) 

Spf(PMo) ^Spf(PA/) 

becomes identified with 

(6.12) HomZp(Zp/co,Gm) 9- Hom^j, (w/cw, G^) 



HomZp(Zp, G„i) ^ HomZp(w, G^). 

Here the horizontal arrows are obtained by dualizing the Zp-module map Tr : w — >■ 
Zp defined by Tr(/) = /(I). 

Set Co = ordp(n), so that Co — p'^°'^p, and define nonnegative integers Ci,C2 as 
follows: 

(a) if Fp = Qp X Qp then (p'^^p^^) E 'Zp x lip = Op.p generates the conductor 
of the order OF,p[ta], 

(b) if Fp is an unramified field extension of Qp then ci = C2 = co, 

(c) if Fp is a ramified field extension of Qp then let wp he a, uniformizer of Fp 
and let zup generate the conductor of the order O F,p [ta] ■ If c is even define 
ci = C2 = c/2; if c is odd define ci = (c — l)/2 and C2 = (c + l)/2. 

One can check that in all cases co = min{ci, C2}, 

ordp(4aQ;'') - ordp(i) = 2ci + 2c2 - 2co, 

and UJ admits a Zp-basis {61,62} such that Tr(ei) = 1 and {p'^^ei,p'^^e2} is a Zp- 
basis of cuj. Using this basis of u one identifies the diagram (I6.12p with 

/^p<^0 fJ-p"! X /ip<:2 

Gm G„i X G,„ 
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where the horizontal arrows are the diagonal maps and the vertical arrows are the 
natural inclusions. The original diagram ()6.11|) is now identified with 



Spf{W[[xo]]/{UXxo))) 



Spf(M^[[xo] 



■Spi{W[[xi,X2]]/{fcAxi)JcAx2))) 



2^1,3^2]]) 



where 

Mx) ^ix + - 1 

and the horizontal arrows are determined by Xi ^-^ xq. 

The calculation of the right hand side of (jG.lOp is now reduced to a pleasant 
exercise. Let M be the fraction field of W and fix an embedding M — )• Cp. For 
each nonnegative integer k set (pk{x) — $pfc(x + 1) where $pfc is the p'^-cyclotomic 
polynomial, let Xk denote the roots of fk{x) in Cp, set Mk — M{Xk), and let Wk 
be the ring of integers of ■ The minimal primes of 

Ry = W[[xi,X2]]/{fcAxi),fcAx2)) 

- W[x,]/{f,,)(dwW[x2]/iU 
are indexed by the Aut(Cp/M)-orbits of the set 

(^pci X ^p<=2)(Cp) = y {Xk, X Xfej 

0</ci<ci 

0<fe2<C2 

by the rule that attaches to the orbit [7ri,7r2] of the pair (7ri,7r2) S Xk, x 
the kernel p of the unique T4^-algebra homomorphism Ry — >■ Cp taking Xi 1— > tt^. 
Assuming for simplicity that ki < ^2, the localization of Ry at p is isomorphic to 
the cyclotomic field Mfe^, and so mult(p) = 1. Under the above indexing the proper 
minimal primes of Ry correspond to those orbits of the form [tti, 7:2] with tti ^1^2- 
If p e nP™P (_Ry) is indexed by the orbit [7ri,7r2] C X^, x X^^ then we will say 
that p has type (fci, k2)- Let n^'°^^ (-Rf) C W^°'^{Ry^ be the subset of components 
having type (^1,^2). Suppose k\ < ^2, fix some p g n^™|'^(i?F), and let [7ri,7r2] be 
the corresponding orbit. There is an isomorphism Ry /p = Wk^ defined by Xt 1— >■ tt^ 
and isomorphisms 

RyIP ®r,m Rmo = WkJ{n2 - TTi) ^ ¥f^. 

The second isomorphism is due to the fact that tt2 — tti is a uniformizing parameter 
of Wk2- It is easy to see that the number of Aut(Cp/Af )-orbits in Xk, x Xk2 is 
\Xki I = [Mki : M], and applying the same reasoning in the case /c2 < ^1 shows that 
for any ki ^ k2 we have 

J2 mult(p).lcngth^^^(i?i./p®M/i?A/o) = \nll°l{Ry)\ = [Af^in{fei,fe2} : M]. 

Next fix < A: < Co and one element tt G Xk- The minimal primes of Ry 
contained in nP™P(i?y) correspond to the orbits [tt, tt'] as tt' ranges over Xk \ {tt}. 
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and we find 

^ niult(p) • lengthfl^ {Ry/P®w Rmo) 

= ^ lengthi^^(l¥fe/(^-^')) 

= ord,(Diff(Affe/Af)) 

where DifT(Mfc/M) is the relative different. Combining (|6.10p with the equalities 

1 if fc = 

p^-'^{p-l) iffc>0 

and (denoting by Wk any uniformizer of Mk and using [20', Proposition 7.8.5]) 

if fc = 

p^-^{kp-k-l) if fc > 



[Mk : M] 



ord^,(Difr(Mfc/M)) 
an elementary calculation gives 

Io^,ApYr°''.OMo) = niult(p)-length^^(i?y/p$5H^i?Mo) 

= [^^min{fci,fe} : A/] + ^ ord^jDiff(Mfc/Af)) 

0</i;i<Ci 0<A;<co 
= p'^" • (Ci + C2 - Co) 

'.p-'^^(").ord/^""'' 



2 " " V * 

as claimed. □ 

Proposition 6.5. If T £ S(q:) is singular and p splits in F then i6.9\) holds for 
every y G Z{T){¥f^). 



Proof. After Proposition 16.41 we may assume that x 7^ Ij so that Kp/Qp is a qua- 
dratic field extension, and we are in the supersingular case. As End(0o) is the 
maximal order in a nonsplit quaternion algebra over Qp, the embedding 

Zp[x]/{x^ +t)^End{go) 

determined by sq extends to an embedding Ok,p — ^ End(go), and the action of 
Ok,p on Lie(go) is through a Zp-algebra homomorphism Ok,p — ^ F^'^. If we let 
Wq be the completion of the strict Henselization of Ok,p with respect to this map, 
then Wq is naturally a M^-algebra satisfying 



W ifx = -l 

Ok.p®z,W ifx^O. 



The field Kp is naturally a subfield of Mq = Frac(Wo), and by local class field theory 
p is isomorphic to Ga\{K'^^ /Mq), where K'^^ is the completion of the maximal 
abelian extension of K. Let Mq C Mk C if ^ be the subextension characterized by 

OK,p/i^P + p'Ok.p)"" = Gal(Mfe/Mo) 
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and let Wk be the integer ring of Alk- As in JJj §4.1] there is an isomorphism of 
VF-algebras Rmq — while the Gross-Keating theory of quasi-canonical lifts 

implies that 

RYo=W[[x]]/{Uix)) 

where cq = ordp(n) (so that generates the conductor of the quadratic Zp-order 

Zp[so]) and 

Co 

fc=0 

with each ipk{x) an Eisenstein polynomial satisfying W^[[a;]]/((/?fc(a;)) = Wk- 

Fix an isomorphism Op.p = Zp x Zp and let {p'^^,p'^^) € Op.p generate the 
conductor of the quadratic O^.p-order OF,p[ta]- As in the proof of Proposition [63J 
we have cq = minjci, C2} and 

ordp ( — - — j = 2ci + 2c2 - 2cq + ordp(dK). 

The induced splitting g = go x go determines isomorphisms Rm — Rmq^wRmo 
and 

Ry ^ W[[Xi]]/{f,,{xi))^wW[[x2]]/UcA^2)), 

and so the commutative diagram 

Spi{RY„) Spf (i?y) 



Spf (i?M„) -Spf(i?M) 

of functors on Art can be identified with the commutative diagram 

Spm[[xo]]/ifM)) -Spf(W-[[xi,X2]]/(/e,(a;i),/e.(x2))) 



Spf(W^[[xo]]) Spi{W[ 



2^1, 2^2]]) 



in which the horizontal arrows are determined by Xi t-^ xq. Imitating the proof of 
Proposition 16.51 shows that 



^Oro,„([0r]P"P,OMo) = niuh(p)-length^^(i?y/p(^„.i?Mo) 

penp"p(i?y-) 

= E [M„un{k,M}-M]+ ^ ord„,(Diff(Mfc/Af)) 

0<fci<ci 0<fc<co 

where in the final sum Wk is a uniformizer of Mk- The final sum can be computed 
using the formulas of [2Ql Proposition 7.7.7] and [20j Proposition 7.8.5]. If x = — 1 
then for all fc > 

[Mfc:M]=/'i(p+l) 

and 

ord„,(Diff(A4/Af)) = 1) - ^ ^ 
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If instead x — then for all fc > we have [Mk : M] — 2p and 

ord^,(Diff(Mfe/Af)) = 2fc/ - ■ ordp(dif). 

Tedious but elementary calculation then results in 

p''°+^ - 1 p'^" - 1\ / ordp(dif) 



mo 1 - X-^-^ ) • I ci + C2 - CO 

mo / - 1 p"" -l\ ( Aaa" 

ordr. 



□ 

We are left to verify (|6.9p in the supersingular case with p nonsplit in F. This 
is much harder than the cases treated in Propositions 16.41 and 16. 5[ and the bulk of 
the proof is contained in the separate article [TTl . 

Proposition 6.6. Suppose that T e S(q!) is singular, that p is odd, and that pOp 
is relatively prime to gcd{aO p , ^ f) ■ Then i6.9]) holds for every y G Z{T){¥p^s) . 



Proof. After Propositions 16.41 and 16.51 we may assume that p is nonsplit in F and 
that X 7^ 1 (so that we are in the supersingular case). Set Co = ordp(n). 

First assume that p is inert in F. Combining (j6.10l) with PJJ Theorem D] (where 
Kp is denoted Eq) gives 



if X = and 



p — I P ^ 1 



Io^„.y{PYr°'',OMo) = (2co + ^ ^ 

if X = 0. If we set p = pOp then 

ordp(Q:) — ordp(Q;'^) = ordp(f) 
which, when combined with 4t = —n^dx and p ^ 2, implies that 

ordp ( — ^ j =2co + (x + l). 

Thus (HSl) holds. 

We are left with the case of p ramified in F. Write pOp — and note that 
our hypotheses on p imply that p is relatively prime to aOp. It follows that t 
is relatively prime to p, and hence from 4t = —n^dx that co = and that K is 
unramified at p. In particular the right hand side of (|6.9p is equal to 0. We may 
now invoke [Til Proposition 5.1.1], which asserts that Ryq = Ry — W. Therefore 
W"°p{Ry) = and the right hand side of (|6T0|) (and so also the left hand side of 
(jO)) ) is equal to 0. □ 

Define a codimension two cycle on M by 

(6.13) C;= niultD(Oy)-(/'(i?), 

Den«(y) 
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where 4'{D) is viewed as a closed subscheme of M with its reduced subscheme 
structure. Define C" and C™' in the same way, replacing U*{Y) with Il**{Y) 
or n™''(F), respectively. Each of C*, C", or C™'' is if- invariant and so (by 
Lemma 4.2]) determines a cycle on M ji^ , which we denote by C', C", or C™''. The 
sum Cp + Cp' + Cp°^ represents the cycle class Cp € CH^^^ {M /Zp) constructed in 

m §3.3]. 

Proposition 6.7. Assume that at least one of the following hypotheses holds: 

(a) —a) /Q is not biquadratic, 

(b) p splits in F, 

(c) p is odd andpOp is relatively prime to gcd(aC'i?, Si?). 
Then 

Ip{C;,Mo) + IpiC;''\ Mo) = l E degQ(2(t)) • ord^ 

dct(T)=0 

TgECq) .yeJ2:(T)(F"''=) 
det(T)5^0 

On the right hand side t is defined by |g. 7| ) and ^'^(T) y strictly Henselian 

local ring of Z(T) at y. The rational number degQ(I?) is defined by i5.ll]) for an 
irreducible cycle V of codimension two on M., and extended linearly to all codimen- 
sion two cycles. 

Proof. If (a) holds than E(a) contains no singular matrices by [121 Lemma 3.1.5(c)], 
and so (|6.ip and Proposition 16.21 implv 

/p(c;,Mo) + /p(c;°^Mo) 

= E (/on,..([^>']',OMo)+/o.„„([Oy]™',OMo)) 
= E E lengtho^^^^^(02(T),,,). 

TeS(a)yg2(T)(F^'«) 

If (b) holds then combining (16.11) with Propositions 16.21 and 16.51 gives 

jp(c;,Mo) + /p(c;-,Mo) 

= E E lengtho^^^^^(02(r),s,) 

TeS(Q) yeZ(T)(F"''=) 
dot(T)5^0 

+ E ^•rp(T).ord,(^).|z(r)(F;'*5)|. 

det(T)=0 

If (c) holds then one obtains the same equalities by replacing Proposition 16.51 with 
Proposition In all cases the desired result follows by dividing the above equal- 
ities by |iJ| and using the equality 

|z(i)(Q^'^)| = rp(r).|z(T)(Ff )| 
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of [201 Proposition 7.7.7(ii)] for each singular T e S(a). □ 

7. Ramified intersection theory 

We continue with the work of the previous section, but now work in character- 
istic dividing the discriminant of Bq. The situation is comphcated by the fact that 
y{ci) may have vertical components of dimension 2, which must be removed and re- 
placed, following the constructions of [12,, by new vertical components of dimension 
1. We intersect A^o against these new components, and against those horizontal 
components of y(a) that meet M.q properly. Our calculations rely heavily on the 
earlier work of Kudla-Rapoport-Yang [18l [19] . 

As in ^J6l fix a totally positive a € Op- Fix a prime p that divides disc(i3o) and 
recall from the introduction our hypothesis that all such primes are split in F. Let 
W = W{¥f^) be the ring of Witt vectors of let A/ be the ring of finite adeles 
of Q, and let be the prime-to-p part of A/. Define compact open subgroups of 
Go(A/) and G(A/) by 

and choose a normal compact open subgroup U C U^^^ of the form U = UplfP with 
Up C G(Qp) and C/p C G(A^). We assume Up = f/™^'^. For sufficiently smaU such 
U there is an isomorphism of DM stacks A4 = [i?\Af], where iJ — U^^'^^/U , and 
M is the Zp-scheme representing the functor that assigns to a Zp-scheme S the set 
of isomorphism classes of 2)^ ^-polarized QM abelian fourfolds over S equipped with 
a [/-level structure in the sense of [121 §3-l]- Having chosen such a presentation of 
let Mq, Foj y, and Z{T) have the same meaning as in f[6l 

Recall that for a Noetherian scheme X , we let Ko(X) be the Grothendieck group 
of the category of coherent Ox-modules, and that the class of such a coherent 
in Ko(X) is denoted [T]. We denote by K™''(X) the Grothendieck group of the 
category of locally Zp-torsion coherent Ox -modules. As X is quasi-compact every 
locally Zp-torsion coherent Ox-module satisfies p^F = for some sufficiently 
large n. As in ^ let n*(y) (respectively 11" (F)) be the set of horizontal com- 
ponents of Y that are not contained in Yq (respectively are contained in Ig), and 
view each such component as a closed subscheme of Y with its reduced subscheme 
structure. Let Y* C Y he the union of all D G U*{Y) with its reduced subscheme 
structure and define Y'* similarly. Using the notation of [J6]define classes in Ko(F*) 
and Ko(r") by 

D£n'{Y) Den"{Y) 

While the horizontal components of Y are all of dimension one, Y may have 
vertical components of dimension two. Thus while we may define codimension two 
cycles Cp and C" on Ai /z^ exactly as in (|6.13l) , the construction of a codimension 
two cycle C™"^ will proceed by the roundabout construction of an auxiliary class 
[Dy]™"^ € K™''(y) to serve as a substitute for the naive class [Oy]™''. To construct 
this class, recall some notation and constructions from [12, §4]. Fix a principally 
polarized QM abehan surface (Aq, Aq) over Fp's, set 



(A*, A*) = (AS, AS) Of, 
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and define totally definite quaternion algebras over Q and F, respectively, 

Bo = End" ( Aq ) B^ End° ( A* ) 

so that Bq (X)q F = B. Let Go C G be the algebraic groups over Q defined in the 
same way as Gq C G, but with Bq and B replaced by Bq and B. Let Aq and A be 
the profinite completions of Obq a-nd Ob, respectively, and let 

a'q'OI^ l^^di 

be their prime-to-p parts. As in 12, §4.1], fix an isomorphism of A^-modules 

V* : Ag ^ TaP(^*) 

where on the right Ta'' is the prime-to-p adelic Tate module of the underlying 
abelian variety of AJ. This isomorphism is assumed to respect the left Obo 
action on both sides, and to identify the Weil pairing on the right induced by Aq 
with the pairing i/jq on the left defined in [T^l §3.1]. By tensoring with Op, the 
choice of uq induces an isomorphism 

V* -.KP ^ TaP(v4*). 

Each g £ Bq acts as a i?o-linear endomorphism of TaJ^A^) ®z Q, and so also 

acts (using vq) as a _Bo-linear endomorphism of Aq ®i Q. As the action of Bq on 
Aq ®z Q is by left multiplication, the endomorphism of Aq ®z Q determined by g 
is given by right multiplication by some to(g) G Bq (g)Q Kf. In this way the choice 
of Vq determines a bijection 

:Go(Ap^Go(Ap, 
which satisfies t,o{xy) = LQ{y)L.o{x). Similarly v* determines a bijection 

L : G(AP) ^ G(A^) 

satisfying L{xy) = i{y)L{x). The induced bijection between subgroups of Go(Ap 
and subgroups of Go(Ap is denoted O , and similarly with Go replaced by 
G. 

Let 0Q denote the p-divisible group of Aq equipped with its action of Obq ®i'^p- 
We denote by f)„i Drinfeld's formal M^-scheme representing the functor that assigns 
to every VF-scheme S on which p is locally nilpotent the set ^m{S) of isomorphism 
classes of pairs (<So, Po), in which 0o is a special formal Obo Zp-module (in the 
sense of 0] §11.2]) of dimension two and height four over S and 

PO '■ ®0 ^FpS^ "^/Fp^ — ©0 XS S i^'^s 

is a height 2m quasi-isogeny of p-divisible groups over S'^^.^ig respecting the action 
of Obo ^p- The group Go(Qp) acts on the formal VF-scheme 

^0 = |_J f)m 

mGZ 

by 

7- (®o,Po) = (©o,Po0 7 
As p splits in F ^ fix an isomorphism F Qp = Qp x Qp. This, in turn, determines 
an isomorphism 

G(Qp) - {(x, y) e Go(Qp) x Go(Qp) : Nm(x) = Nm(y)} 
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and hence an action of i 



For any W-scheme X denote by X the formal completion of X along its special 
fiber, a formal W-scheme. 

There is a Cerednik-Drinfeld style isomorphism of formal M^-schemes 

(7.1) M^w = G(Q)\X X G(Ap/cr, 

and from [T^, §4] we have a commutative diagram of formal M^-schemes 

(7.2) 



Yjw sot ^M/iy 



in which the square is cartesian and all arrows in the square are closed immersions. 
We quickly recall the definitions of 9Jl and CDt'^ . Let V denote the F- vector space of 
elements of B having reduced trace zero. We equip Y with the _F-valued quadratic 
form Q(t) = — and let G(Q) act on V by conjugation. Similarly let Vq be the 
trace zero elements of Bo equipped with the conjugation action of Go(Q) and with 
the quadratic form (5o('^o) = — ^o- For each t ^ V (g)Q Qp write {t\,T2) for the 
image of r under 

(7.3) F (8)Q Qp ^ (Fo ®Q Qp) X (Fo ®Q Qp). 

For every W^-scheme S on which p is locally nilpotent and every tq G ®ii Qpj 
viewed as a quasi-endomorphism of ©5 ^ pais iS^paig , let 

f)m(T-o)(^) C t)„,(5) 

be the subset consisting of those pairs (©Oj/Oo) for which the quasi-endomorphism 
Po o 7"o o Po ^ ^ End(C5o Xs •S'/pjis) <8)Zp Qp 

lies in the image of 

End(©o) ^ End(a5o Xs^/pai.). 

The functor f)m(To) is represented by a closed formal subscheme of f)m, and we 
define 

^o(to) = y f)m(To). 
For each r e y define closed formal subschemes of X by 

^^(•^) = U f'™) ^^('^) = U f)m(T-2)) 

mfEZ m^^Z 

and 

X(r) = X^(r) X:k X^(t). 
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Define a right {/''-invariant compact open subset 51(t) C G(A^) by 

nir) - {g e G(AP) : ■ L{g-\g) C }. 

Thus ^■Q,{t) — $7(7x7^^) for each 7 e G(Q), and there is an isomorphism of formal 
VF-schemes 

(7.4) Y/w = Gm\ U (x(t) X l](r)/I7'') . 

_rev 

Q{r)=a 

The formal VF-scheme 371 in (|7.2p is defined by replacing X(t) by j£ in the right 
hand side of (17.41) . and is defined by replacing X(r) by X'^(t). 

If Frob denotes the (arithmetic) Frobenius automorphism W ^ W then the 
formal schemes 9Jt and dJl'' come equipped with isomorphisms of formal M^-schemes 
(described at the beginning of |T2J §4.2]) 

which are compatible with the morphisms in (j7.2l) . and with the evident isomor- 
phisms 

In other words, the entire diagram (j7.2p is invariant under base change by Frob. By 
Grothendieck's theories of faithfully flat descent and formal GAGA, any coherent 
Oi> -module that is invariant under Frob descends to a coherent O-v-module. In 

particular if and are coherent sheaves on O^i and Orxii2 respectively, each 
invariant under Frob, then for every i the coherent Can-module Tor^™' (^J^, 3^^) is 
invariant under Frob and is annihilated by the ideal sheaf of the closed formal 
subscheme 

Thus we may view Tor^"" (5^, i?^) as a coherent Oy-module and form 

(7.5) id' - ^(-i)nTorf-(;?\;?2)] e Ko(r). 

For k e {1,2} let *8'^ be the largest ideal sheaf of O^j^k that is locally VF-torsion, 
and define St*^ by the exactness of 

^ 03'^' ^ Cot. ^ a'' ^ 0. 

We then have a decomposition in 'Kq{Y) 

(7.6) [Can Or^2] = [Dy]'^- + [Dy]™-- 
in which 

By its construction, the class [Dy]™'' may be viewed also as an element of KQ°''(y). 
Proposition 7.1. There is a closed subscheme J ^ Y of dimension zero such that 
[Dy]''°' " [Oy]' - [Oy]" e Image (Ki((y) ^ Ko(y)) . 
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Proof. Given classes [J'] and [G] in Kq(Y), write [J^] ^ [Q] to mean that 

[T] - [G] e Image (Ki((r) ^ Ko(r)) 

for some closed subscheme J — >■ F of dimension zero. Let us say that a coherent 
Oy-module A is essentially horizontal if every point ri £ Y in the support of A 
is either the generic point of a horizontal component of y or is a closed point of 
Y. That is, the support of an essentially horizontal Oy-module A contains no 
vertical components of dimension greater than zero. Note that any subquotient of 
an essentially horizontal Oy-module is again essentially horizontal. If A is essen- 
tially horizontal then an induction argument using the exact sequence of coherent 
Oy-modules 

0^ A' ^ A^ A ®Oy Cd ^- 
and the methods of pR; Lemma 2.2.1] show that, in the notation of Sj6l 

(7.7) [A]^ multc(^).[Oc] 

_Deni«"(y) 

where 11'^°'' (F) is the set of irreducible horizontal components of Y , each endowed 
with its reduced subscheme structure. 

Let B be the subsheaf of locally Zp-torsion sections of Oy and define A by the 
exactness of 

Q^B^Oy^A^Q. 

The sheaf A has no Zp-torsion local sections, and the stalks of A are Zp-torsion 
free. To see that A is essentially horizontal, suppose that rj G Y has residue 
characteristic p and Zariski closure of dimension greater than zero. This implies 
that no horizontal component of Y passes through 77, and hence that every prime 
ideal of OY,n has residue characteristic p. We deduce that Oy^r/i^/p] is the trivial 
ring, and so Oy.ri is itself Zp-torsion. But then Ar^ is both Zp-torsion and Zp-torsion 
free, hence = as desired. As the support of B is contained in the special fiber 
of y, multo(.4) = mult£)(Oy) for every D £ U^°'^{Y), and we now deduce from 
([TTT]) that 

[A] ^ [Oy]' + [Oy]" ■ 
Fix a closed point x G DJl, let R be the completion of the local ring Om,x, let iV*^ 
be the completed stalk at x of the Ogrji-niodule Ooti- , and let P*^ be the maximal W- 
torsion free quotient of Nk (which is isomorphic as an i?-module to the completed 
stalk of 21 at x). It follows from the proof of TI, Proposition 4.2.5] that 

Torf{P\P^) = 

for ah £>Q. Thus Torf ™ (2l\ 21^) has trivial stalks, and so 

[Dy]h°'- = [211 ^^^^^^ 2^2]^ 

The proof of [12l Proposition 4.2.5] also shows that P^ P^ is free of finite 
rank over W; in other words the completed stalks at closed points of the Oy/^t- 
module 21^ ®c>ot 21^ are free of finite rank over W. It follows that all stalks of the 
Oy^^-module 21^ (^Omi are VF-torsion free, from which one easily deduces from 
the faithful fiatness of Zp — >■ that the local sections of the coherent Oy-module 
21^ (^Om Zp-torsion free. The kernel of the evident surjection of Oy- modules 

Coti «)05w Oon^ 21^ (i)o.^ 21^ 
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is generated by the ideal sheaves (i^o^ and O^i (8)Oa„ and so is locahy 
Zp-torsion. Using the isomorphism Oy — (Xio™ C'ot2 , we therefore deduce that 
21^ is the maximal quotient sheaf of Oy whose local sections are Zp-torsion 

free. In other words St^ ®Om = A. Thus = [yi] and 

[Dy]'^- - [Oy]' - [Oy]" ^ [^] - [A] - 0. 

□ 

Given a coherent Oy-module J^, we reg ard Torf^(J",OyJ as a coherent OyQ- 
module and define 

[^®o. Oy,] = ^(-l)^[Torf-(J-,OyJ] e Ko(yo). 

This class depends only on the class [F], not on the sheaf JF itself, and the con- 
struction [T] I— [F ®Q Oy^] defines a homomorphism Ko(F) ^ Ko(yo), as well 
as homomorphisms 

^r{Y) ^ Kr(>o) Ko(y) ^ Kr(io). 

From the decomposition (j2.2p we deduce an isomorphism 

^T{yo)= ^r{z{T)). 

Given a T e S(a) and a coherent 0^(7^) -module J-q that is annihilated by a power 
of p, define 

Xt(^o) = ^(-l)'length^^i?V*-^o 

where /i : ^(T) ^ Spec(Zp) is the structure morphism. If J^) is supported in 
dimension zero then it is easy to see that 

Xt{Fq) = ^ lengtho^^ J"o,y. 

As XT depends only on the class [Fq] G K™''(Z(r)), we may extend xt to a 
homomorphism Kq°''(Z(T)) — )■ Z and define, for any class [F] in either ~K^^'^{Y) or 
Ko(y ), the intersection multiplicity of F and Omq at Z(T) by 

/o,(,,(J-,Oa/J =Xt(^®^, Oy,). 
As in [m §4.3], define formal W^-schemes for fc e {1, 2} 

so that 

%/w = 97lo xot Y/vk = 97lJ xot^ 9Jlo. 

These formal schemes admit Cerednik-Drinfeld style uniformizations: if we set 
f]o(T) = 17(T)nGo(AP) then 

(7.8) OTo = Go(Q)\ □ (Xo X no(T)C7™/C^) 

_r£V 

Q{T)=a 
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where the product rio(T)[/™^'''^ is taken inside of G'(A^). Similarly 

(7.9) 9Jl§-Go(Q)\ □ (Xo(t,) X r!o(T)I7™/c7') . 

_Tev 

Q(r)=a 

Any coherent C-^-module T may be viewed as a Frob- invariant coherent Cgji- 
module annihilated by the ideal sheaf of the closed formal subscheme Y/^ — >■ 
For every £ > we may then form Tor^™ (J", O<sio ) j a Frob-invariant coherent Ogjio - 
module annihilated by the ideal sheaf of the closed formal subscheme Fo/w Coto ■ 
As before, using formal GAGA and faithfully flat descent we view Tor^™ {T, Ootq ) 
as a coherent Oy -module, and define 

[-^®o™ O<mo] - 5](-l)'[Torf™(J-,OOTj] e Ko(ro). 

It is easy to check that [J^ ^q^^ C'ot,,] = [J^ Oyq]- 

For any T £ Sym2(Z)^ let Vo{T) be the set of pairs (si,S2) G Fq x Fq for 
which (I2.ip holds, where [si,Sj] = — Tr(siSj) is the bilinear form on Vq satisfying 
[s,s] = 2Qq{s). Given a pair (si,S2) G ^0(7") set 

(7.10) r = situi + S2n72 e T^o ^ = ^ 

and let {ti,T2) be the image of r under (|7.3p . Assuming that det(T) ^ 0, Kudla- 
Rapoport [T^ (and Kudla-Rapoport-Yang [12] when p — 2) compute the inter- 
section multiplicity of the divisors f)m(ri) and [}„i(t2) in the Drinfeld space f)^. 
This intersection multiplicity depends only the isomorphism class of the rank two 
quadratic space 

ZpTl + 'ZpT2 = ZpSl + ZpS2 C Vo <8lQ Qp, 

which is determined by T. Let ep{T) be this intersection multiplicity, as in |18l 
Theorem 6.1]. In the notation of [501, Chapter 7.6], VpiT) = 2ep{T). 

Proposition 7.2. Define a Z[l/p]- lattice Lq C Vq by 

Lo^{veVo:Al-io{v)ciAP} 

and a discrete subgroup Fq C Go(Q) by 

ro = {7eGo(Q):AP..o(.9)cAg}. 

T/ien for every nonsingular T G S(a) 

Jo,,,,([Oy]-,OMo) +/o.(.,([^)y]™^OA^o) = Iff I • ep{T) ■ \T^\MT)\ 

where Lo{T) ~ {(si,S2) € Vo(T) : Si,S2 G ^o} '"^'^ Tq acts on Lo{T) by conjuga- 
tion. 

Proof. As T is nonsingular, the scheme Z{T) is supported in characteristic p by 
Theorem 3.6.1]. Thus 

Kr(^(r))^Ko(Z(T)). 

and Io^^^^{F ,OMa) is defined for every class [J^] G Ko(F). By the decomposition 
dnUl) each D G n"(y) is contained in Z{T') for some T' G S(a). In particular 
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Z{T') has nonempty generic fiber, and hence T' ^ T. Thus D n Z{T) = and the 
coherent Oyo-module Tor^^ (O/) , Oy^ ) has trivial restriction to Z{T). Thus 

(7.11) Io,,^,{[Oy]",Om„)= J2 mult z5(Oy)- XT (Torf-(Oc,OyJ) = 0. 

Den"{Y) 

If [J-] lies in the image of 'Kq{Y) — > 'Ko{Y) for J — )• F a closed subscheme of 
dimension zero, then /o^^^^ ([J^], Omq) = by jT2l Lemma 4.2.2]; hence combining 
(|7.1ip with Proposition 17. II and (|7.6I) yields 

= ^Oz(T) e^OTi ®Oa3! '^OT^ , Oa/o) 

= Xt((Ooti f^o™ (^otO ®o™ Ooto)- 

The equality 

Xt((Ooti OotO <E>^^^ Ooto) - • ep(r) • |ro\Lo(T)| 

is now proved exactly as in jlJl §4.3]; see especially Lemma 4.3.2 and Proposition 
4.3.4 of [loc. cit.]. □ 

Suppose T G S(q;) is singular and denote by ti and ^2 the diagonal entries of T. 
Let ni, 712, and t be as in (|6.7p so that a = (niwi +7^2072)^ and if — Q(^/— t) is a 
quadratic imaginary subfield of F{y/—a). Abbreviate cIk — disc(i4r/(Q)) and define 
n S Z+ by 4< = —n^dK- As in (|6.8p there is an isomorphism of stacks Z{t) = Z{T), 
which takes the triple (Aq, Ao,so) to the quadruple (Aq, Aq, tiisq, "-2S0). 

Proposition 7.3. For every singular T E S(q;) 

(7.12) /o,,,,([Oy]-,OA/o) = I ■ |Z(T)(Q^'g)| .ordp(dK). 

Proof. For each D E Il*{Y) the scheme DxyYq has dimension zero. It follows that 
the coherent Oyj-module Tor^''(C'£i, Oy^) is supported in dimension zero, and the 
left hand side of (|7.12p is equal to 

(7.13) E multc(Oy)-^lengtho^^Torf--(Oz5^„Oy„,). 
!yez(T)(Fj'«)Cen'(F) e>o 

Given a, y E Z(T)(Fp's) let i?^ be the completion of the strictly Henselian local 
ring of M at y, and define i?y, Rmqi and i?y„ similarly. Let 11* (i?y) be the set of 
minimal primes Ry of residue characteristic that do not come from Ry^ (more 
precisely: do not contain the kernel of the surjection Ry — )• Ry,). As in (|6.10l) the 
left hand side of (17.131) is equal to 

(7.14) J2 J2 muh(p) •lengthj^^(ii'y/p®KM i?A/o)- 

From the uniformizations (|7.ip and (|7.4p and similar uniformizations (as in [T21 §4]) 
of Mq/vf and Iq/Wi deduce that there are m E Z, x E ()m(]Fp'^), and sq E Vq 
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with Qq{sq) — t for which 

Rmo — Ot)m,x 

Rm — Cf),„,a;'8)VFCl)™,a: 

Ry„ = C'f,„(so),x 

Ry ^ Cf)„,(Ti),a;'8)Vl/C'l)„(T2),2; 

where r — {niwi + n2^^2)so and, as always, (ti, T2) is the image of r under (j7.3l) . 
Letting (rii, 71,2) be the image of (riitni + 71.21172) under Oj? <Siz Zp ^ Zp x Zp, we see 
that Ti = UiSo, and from the fact that gcd(ni, 712) = 1 we deduce that at least one 
of rii, 712 lies in . Hence there are natural surjections 

at least one of which is an isomorphism. The completed local rings O^^^x and 
^^m.(so),x described in detail in [TH] (at least for p 7^ 2; for p — 2 the calcula- 
tions are in |19j). In the notation of |18| . the point x may be either ordinary or 
superspecial. From Propositions 3.2 and 3.3 of TS (and the appendix to [191 §11] 
for p — 2), we see that there are three mutually exclusive possibilities: 

(a) C'h™(so),2; is VF-torsion; 

(b) X is ordinary, p is inert in K, and the quotient of the W^-algebra C'i)„(so),2: 
by its ideal of M^-torsion is isomorphic to W; 

(c) X is supersingular, p is ramified in K , and the quotient of the M^-algebra 
^^,r.{so),x by its ideal of VF-torsion is isomorphic to W, where W is the ring 
of integers in K ®q Frac(VF). 

The same statements hold verbatim with so replaced by ti or by T2. 

Suppose first that p is unramified in K and choose a. y G Z(T){¥p^s). From the 
above it follows that either i?y„ and Ry are both 14^-torsion, or the quotients of 
Ryq and Ry by their ideals of M^-torsion are both isomorphic to W. In the latter 
case each of Ryq and Ry has a unique prime ideal of characteristic 0. In either 
case every prime ideal of Ry of residue characteristic comes from Ry^, and so 
n*(i?y) — 0. We deduce that if p is unramified in K then W{Ry) — for every 
y e Z(T)(F^'s), and hence the left hand side of (fTTil) is 0. From this we see that 
both sides of (|7.12p are zero, and we are done. 

Now suppose that p is ramified in K and again choose a y € Z{T){¥p^^). Then 
either Ryg and Ry are both M^-torsion, or the quotient of Ry^ by its ideal of W- 
torsion is isomorphic to W and the quotient of Ry by its ideal of T4^-torsion is 
isomorphic to W W. Assume we are in the latter case. Then Ry has exactly 
two prime ideals of residue characteristic 0, call them p and q. The prime p is the 
kernel of the surjection 

Ry^W(E>wW^^^^^W 
while the prime q is the kernel of the surjection 

Ry^W(E>wW^^^^^W 

in which 6 6 is the nontrivial VF- algebra automorphism of W. Note that the 
quotient map Ry — )• Ry/p factors through the surjection Ry — )• Ry^, but that 
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Ry RyI^ docs not. In other words p comes from Ry^ while q does not, and 
hence n*(i?Y) = {q}. Furthermore 

where in the final tensor product W is regarded as a W ®w W module in two 
distinct ways: on the left through a (X) 6 H> a6 and on the right through a ^ b ab. 
From standard properties of the discriminant (for example [24, p. 64]), we deduce 

lengthj^^^ {Ry/q ®Rm Rmo) = lengthw(W (g)(w^„w) W) 

= vwidisc{W/W)) 
= ordp{dK) 

where vw is the normalized valuation on W. It is easy to see that the localization 
of Ry at q is isomorphic to the fraction field of W, and hence mult(q) = 1. Thus, 
in the case of p ramified in K, for every y e Z(T)(Fp's) either Ry^ and Ry are both 
VF-torsion or 

^ mult(p) • length^^ {Ry/P ®Rm Rmo) = ordp(dK)- 
pen'(fly) 

Still assuming that p is ramified in K, we must count the number of y e 
Z(T)(Fp's) for which Ry^ contains a prime ideal of residue characteristic 0. By 
the discussion above, when such a prime ideal exists it is unique and has residue 
field a degree two extension of the fraction field of W. Thus each such y has two 
distinct lifts to Yo{Qf^), each of which must be contained in Z{T){Qfs) by the 
decomposition (16.11) . The number of y for which Ry^ contains a prime ideal of 
residue characteristic is therefore i|Z(T)(Qp It follows that (|7.14p is equal to 
l\Z{T){qfs)\oTdp{dK), and (17121) follows. □ 

Given a coherent Ogjig-module Jo for k G {1,2} the sheaf Tor^™" (g'J, g^p) is 

annihilated by the ideal sheaf of the closed formal subscheme Yq /\y — )• 9Jlo , and by 
formal GAGA may be viewed as a coherent Oy^^^, -module. If the sheaves and 
are each invariant under Frob then exactly as in (|7.5p we may form 

(7.15) [^>o^, ^?o] =E(-l)'[Torr"ni?o,i?o)] ^ ^o{Yo). 

e>o 

If either of g'p or is locally ly-torsion then (|7.15p also defines a class in Kq™(1o)- 

Lemma 7.4. Let *Bq be the ideal sheaf of locally W -torsion sections of Orrj^fc and 
define 2t§ by the exactness of 

Then for any T G S(q;) 

IOz(T)i\^YY"'\OMo) 

Proof. From the definitions we have 
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The same argument used in the proof of [12}, Lemma 4.3.2] shows that 

«S§ if i = 
^0 if i > 

and hence 

Xt((»^ 53') Oano) = XtH'S' O^o) (55^ Ooto)) 

Similarly 

Tor, (21 ,Oot„) = | j^^^Q 

implies that 

Xt((»^ 21^) Ogj^J = xt(*BJ 2tg) 

and 

proving the claim. □ 

The equality of the following proposition is derived from calculations of Kudla- 
Rapoport-Yang [T9l[20]. 

Proposition 7.5. IfT£ is singular then 



^/o....([D.]™-,C.mJ + = 2 deg,(ZW) . ord, 

Proof. Using the uniformizations (|7.8p and ()7.9p and the isomorphism 

we find 

?o/w = Go(Q)\ □ (Xo(t) X ^lo(r)I7™/C7'') 

Q(T)=a 

where Xo(t) = Xo(ti) X3eo Xq{t2) is the locus in X where both of the quasi- 
endomorphisms ri and T2 are integral. Using the notation of (j7.10p there is a 
bijection 

{t eV -.Qir) ^ a} ^ \J Vo{T) 

given by r (si,S2)- Using the decomposition (|6.ip to view Z(r) as a closed 
subscheme of Yq for each T € S(a), we identify Z(T)/^ with the open and closed 
formal subscheme of Iq/w 

Z{T)/w - Go(Q)\ □ (Xo(r) X 17o(t)C7'""'^'7c7^) . 

(si,s2)eyo(T) 

Now fix a singular T £ S(a). Using the isomorphism Z{T) = Z{t), we find 
Z(T)/w = Go(Q)\ □ (Xo(r) x l]o(r)C7""'^'7c/''^ 

_soGyo 
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in which r = {nizui + n2'cu2)so. By noting that the factor nizui + 712072 G Of is 
not divisible by any rational prime (as gcd(rti, 712) = 1), we deduce that 

^o{r) = {.9eGo(Ap:Af •.(.9-Vg)eAf} 

= {.geGo(Ap:<g-V5)ea^} 

= {5 e Go(Ap : t(5-^so5) e 

In particular ilo{T) — f2o(so). We now argue as in [19^ §11]. By the Noether- 
Skolem theorem the action of Go(Q) on {sq S Vq : Qq{so) — t} is transitive. 
Fixing one sq G Vq with Qq{so) = t, embed K ^ Bq via 1— >■ sq. This induces 
a homomorphism ^ Go{Q) and, using the fact that JsT^ is the stabilizer of sq 
in Go(Q), we deduce 

(7.16) Z{T)/^ - K-\{XoiT) X noisoW^/TT). 
Assume that p is inert in K , set 

^{xeK"" : OTdp{NK/q{x)) = 0}, 

and write 

f)m(T) = f)m(Tl) X f)m(T-2). 

As in [19, (11.8)] rewrite (frT6| as 

(7.17) Z{T)/w = (f)o(T) U f)i(r)) X (i^^^!o(so)C7™/t/'') ■ 

For A: e {1,2} define the coherent Ofj^-module to be the ideal sheaf of 

locally W-torsion sections of the sheaf Of)„(Tfc), and define (^^"(t-^) by the exactness 
of 

Under the uniformization (j7.17p we have isomorphisms of coherent Og^j,^^^-modules 

Torf™'°(»o,»o) = Torf"-(0™(,^),0™:(,^)) 
Torf™°(»J,2lg) - Torf"-(0™(,^),0|j-(,^)) 

Torf™°(2ti,»g) = Torf"-(0|;°V.)'^LV.))- 
Letting /i : ()„ ^ Spf(PF) denote the structure map and 

fc>0 

the Euler characteristic of a coherent, properly supported, locally VF-torsion ©^(m)- 
module 5", Kudla-Rapoport-Yang have proved (see the proof of (20^ Proposition 
7.6.4]) 

,T ordp(n) _ 1 

Ex(Torf""(or:(.o'^r:(..))) = -(p+^) 

e>o 

5^x(Torf"-(0|,-V,).^^r:(r.))) = ordp(4Q„(r2)). 
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Combining this with Lemma 17.41 and using 

ordp(4Qo(Ti)) +ordp(4Qo(T2)) = ordpiUaa" ) 

shows that 

^Oz(t)([^>']''"'C'Mo) 

/ „ordp(n)-l \ 

(7.18) =2 - f-(p+l)il___+ordp(16aa")j • |i^^r!o(T)C/"'"'7c^''|- 
It is easy to see that 

|X^f}o(r)I7'"^'^'7c/'l = .-.nal? jjP, ■ \K'\no{so)/Tfo\, 

[Uq . Uq\ 

and the right hand side of this equality is computed in |19l Lemma 11.4]. Combining 
that calculation with [Tni Proposition 9.1] gives 

2 • |X^1]o(t)C7™/C^''| = \H\ ■ <5(dK,disc(i?o)) • i/o(t; disc(i3o)) 

(7.19) = ^•degQ(Z(t)) 

where the functions 6 and Hq appearing are those of [19] §8]. Finally, [20l Lemma 
7.9.1] tells us that 

Combining (TTTS)) . (^TI^ . and ([7^ with At = r?dK completes the proof in the 
case of p inert in K . 

If p is ramified or split in K the claim similarly follows from calculations of 
Kudla-Rapoport-Yang. If p is ramified in K then, as in [121 (11-8)], rewrite (|7.16p 
as 

Z{T),w = f)o(r) X (i^"\l]o(r)C7~/f7'') 
and the proof proceeds in exactly the same way as the inert case, by combining 
the proof of pOl Proposition 7.6.4] with [20l Lemma 7.9.1]. If p is split in let 
K^^ denote the sub group of elements oi whose image in {K (g)Q Qp)^ lies in 
{Ok ®i ^p) ^ and fix an e € whose image in K (8)q Qp = Qp x Qp has valuation 
(1,-1). As in 19, (11.19)], rewrite (TTTC)) as 

Z{T)/^ - (6^f)o(r)) X (if^^^^o(r)I7'"^"7C/0■ 

Once again, comparing the proof of [20] Proposition 7.6.4] with [20l Lemma 7.9.1] 
we find that 

^ T Ivor \ I hujg{Z {t)p) 

while ^ Proposition 3.4.5] tells us that Z{t) /q = 0. □ 



We now construct some cycles on M . As in (|6.13p define a horizontal cycle 

DeTl'(Y) 

of codimension two on M , and define C" in the same way. These cycles are H- 
invariant and so arise as the puUbacks of horizontal cycles on , which we 
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denote by C' and C". Now consider the class [Dy]™'' G KS"(y) defined after 
(|7.6p . By [T21 Proposition 4.2.3] this class lies in the kernel of 

KjriY) ^ Ko(r) ^ Ko(Spec(Oy,„)) 

for every 77 e F with dini{77} > 1. Using the notation of [HI §2.2], [HJ Lemma 
4.2.4] shows that i?(/)4Dy]™'' g F'^K^{M), while the Gillet-Soule isomorphism [H 
(9)] and the homomorphism [12, (7)] provide us with maps 

F^K^iM) ^ CH^(M) ^ CRl,,iM). 

The Chow groups here, as throughout [T^, are Chow groups with rational coef- 
ficients. The image of i?(/)*[Dy]'^°'^ under this composition, denoted C™', is H- 
invariant and so arises from some 

c;- e ChL(X/zJ. 

Thus we have constructed a codimension two vertical cycle on M /z^ with ratio- 
nal coefficients, which is determined up the the addition of rational multiples of 
principal Weil divisors on A4 /^^ . 

Proposition 7.6. We have 

det(T)=0 

= J2 e,iT)-\To\LoiT)\ + y J2 deg^iZit))-OTdJ^ 

T£T,{a) TeS(Q) ^ 

dct(T)5^0 dct(T)=0 



Proof. Using the decomposition (j2.2l) we find 

/p(c;,Xo) + /p(c™',Xo) 

' ' tgs;(q) ' ' Tes(Q) 

The claim now follows from Propositions 17. 2[ 17.31 and 17.51 □ 

8. PULLBACKS OF ARITHMETIC CYCLES 

We are now ready to put everything together to prove the main result of the 
paper. Theorem 18.21 below. 

Fix ana G Op and av G F^qM., both totally positive. Let C^°'-', a codimension 
two cycle on A^, be the Zariski closure of the cycle Cq defined by p.ip . and similarly 
let C and C** be the Zariski closures of Cq and C". Recall that Proposition 13.21 
provides us with Green currents S*(a,?;) and for C* and C**, and hence 

E{a, v) = S'(q!, v) + E"{a, v) 

is a Green current for C^°'^. Denote by 

y^°'{a,v)eCiiiM) 

the arithmetic cycle class represented by (C^°' , S(q:, v)). We then have a decompo- 
sition 
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in which y'{a, v) is the arithmetic cycle class represented by the pair (C, ^'{a, v)), 
and similarly for y"(a, v). For every prime p we have constructed a vertical cycle 
C™' of codimension two on A^. If p I disc(i?o) then C™"^ was defined at the end of Sj6l 
and is nontrivial only if J^o has an irreducible component supported in characteristic 
p. lip I disc(i3o) then C™'' was constructed in ^ In this latter case C™'' has rational 
coefficients and is only defined up to the addition of rational multiples of principal 
Weil divisors on A^/f^- In either case, we endow the cycle C™'' with the trivial 
Green current to obtain a class 

5^™- (a) eCHiM). 

The arithmetic cycle class 

(8.1) 5^(«,z;)=5^^"(a,«)+ 

p prime 

agrees with that constructed in [12, §5.1]. 
Proposition 8.1. If we abbreviate 

b{a,v) = log ( s ) - J{4:TTavi + 47ra'^W2) 

\4wiW2aQ;'^aFdisc(i3oj / 

(the function J was defined in then 

d^Mo5'(a,«) = yb{a,v)-deg^{C")-hs„{C") 



2 -IStabrolr)! 

Q(r)=a 

+ ^og{p){lpiC\Mo) + Ip{C;r,Mo)). 

p prime 

Here degjj is defined by 115.11]) for irreducible cycles of codimension two on Ai and 
extended linearly to all cycles of codimension two, ljq is the metrized Hodge bundle 
of is the Arakelov height o/ J5l Stabro(''') is the stabilizer of t in Tq, and 

^nsmg gj,g defined in ^ 

Proof. From the definition of y{a, v), we have 

(8.2) d^g^„y{a,v) =d^^„[y'{a,v) + J2y;^'ic^)] +d^A4o5^" («:«)■ 

p 

From Sj5]we know that 

d^7v,o[5^'("'«)+E^r(")] = Y^ogip)[lp{C\Mo)+Ip{r/\Mo)] 
p p 

(8.3) +I^{E'{a,v),Mo), 

and, as in [12, Proposition 3.2.1], 

Iooi^'{a,v),Mo) = V T^-r—r\i ^o(vJ^Vi) * ^o(w2^^t2) 

Q(r)=a 

This gives a formula for the first term on the right hand side of (|8.2p . and we use 
the adjunction formula of ^Slto compute the second term. Indeed, If we extend the 
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construction T) i-> T){v) of ()5.ip linearly to all horizontal cycles V of codimension 
two on then 

y"{a.v)^C"{av). 

Theorem 15.61 extends linearly to all such T) (providing one counts points P E I?(C) 
with appropriate multiplicities) and yields 



\ ^ ^p^ ^ go(7i2^o,ai?^i) *go(72a;o,a2t'2) 



P€C"{C) 7ero\r 

where ccq G Xq lies above P under the orbifold uniformization [ro\Xo] = Aio{C). 
As in the proof of Proposition 13.21 the cycle C"(C) on A4o{C) is identified with 
the formal sum 

Ter\L" 

Q{T)=a 

Choosing each coset representative r e r\L** to lie in L'""^^ go that a;^(T) G Xq, 
we see from Lemma 15.11 and (13.41) that 



This observation gives the second equality of 



PeC"(C) 7ero\r 



= E |stabr^(,)| E / eoK^/Vi)*6(.,^/V,) 

Q(r)=Q 7^ro 
Q(r)=Q 

and using i"'^'"^ ^ L* U (L" \ L"'"s) we obtain 

/oo(S'(a,i;),Xo) +d^^or'K«) = -/iSo(C") + ^^(a, z;) degQ(C") 

Tero\L " 

Q(T)=a 

Combining this last equality with ()8.2p and ()8.3p completes the proof. □ 

For every symmetric positive definite matrix v G M2 (M) , and every T G Sym2 (Z) ^ , 
Kudla-Rapoport-Yang [20] have defined an arithmetic cycle class 

(8.4) Z(T,v) G CHr(Xo) 

in the K-arithmetic Chow group defined in |20i §2.4] . Our main result, an arithmetic 
form of the decomposition (j2.2p . relates the arithmetic degree of (jS.ip along A^o, in 
the sense of (fZ!8|) . with the arithmetic degree of (|8^ . in the sense of [20l (2.4.10)]. 
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Recall that (wi, W2) denotes the image of v under F(^qR = Rx M and that {■uui,W2} 
is our fixed Z-basis of 0_f. Define 

(8.5) ^ = Rh ]'R R^i"^' 

Theorem 8.2. // either 

(a) a)/Q is not biquadratic, or 

(b) 2 splits in F and gcd(aC'_F, £>f) = Cf 
then 

Proof. By |20i Theorem 3.6.1], Z(T)/q = for det(r) ^ 0. Passing to the generic 
fiber in ()2.2p yields an isomorphism of stacks 



U 2(r)/Q = 3^o(a)/Q, 



Tes(Q) 

dct(T)=0 

which, after applying (|6.8p and taking Zariski closures, gives the equality of cycles 



TGS(a) 
dGt(T)=0 



of codimension one in TWq, where t is the positive integer defined by (|6.7p . As in the 
proof of HOI Lemma 7.9.1] (z.e. combining ^ (6.4.2)], (THl (9.12)], [H Proposition 
12.1], and 19", Proposition 9.1]) and using Tr(Tv) = avi + a'^W2, we have 

d;gf(r,v) = -ho.iz'^^^t)) - /ic„(2™'-(t)) 



log -— - — — — — I — J[Aiiavi + 47ra U2) 



4degQ(2(t)) 
for every singular T G £(«). From this we deduce 

TeS(a) TeS(a) 
dct(T)=0 dct(T)=0 

+idegQ(C")-&(«,^) + i 5] degQ(Z(i)).log('^ 

dct(T)=0 

Recall from ^that V is the F-vector space of trace zero elements of B, and Vq is 
the Q- vector space of trace zero elements of Bo- Let Lq C Vq be the Z-submodule 
of trace zero elements of Osq, with Fq acting on Lq by conjugation. For each 
T € Sym2(Z)^ let Lq{T) C Lq x Lq be the subset of pairs (si,S2) satisfying (|2.1I) . 
where [si, S2] = — Tr(siS2)- For each nonsingular T G S(a;) with Diff (T, Bq) — {00} 
(in the sense of [20l §3.6]) and (si, S2) G Lq{T), define 

T = S1TU2 + S2TU2 e V Vq <SlQ F, 

and let (ti,T2) be the image of t under 
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Then, by |20i §6.3], 

where we have abbreviated e^i^s^ = |Stabro(si) H Stabro(s2)|- Using the bijection 
□ Lo(T) ^ {r e : Q(t) = a} 



T^T.(a) 
det(T)^0 



defined by (si, S2) sivji + 52^2 and the fact that L{T) = unless DifF(r, Bq) — 
{c»}, we obtain 

TGS(a) r6ro\L"""« ' ^' 

dGt(T)#0 Q(T)=a 
Diff(T,Bo)=oo 

Using Proposition 18. II and the above formulas, we are reduced to verifying 

E [/f>(CVXo)+/p(C™-,Xo)] -logb) 

TgE(a) p prime 

det(T)=0 

(8-6) E d^2(r,v) + l E degQ(Z(t)).log('^]. 

dot(T)5^0 dct(T)=0 
Diff(Bo,T) = {p} 

For a prime p that does not divide disc(i3o) and a nonsingular T £ S(q;) with 
Diff(i?o,T) = {p}, the arithmetic cycle class Z(T, v) is studied in [20, §6.1]. Com- 
paring with Proposition 16.71 gives 

[ip{c;,Mo) + /p(c;", Mo)] ■ log(p) 

E d;g-2(r,v) + i E degQ(2(i))-ordJ^]log(p). 

dct(T)5!iO dct(T)=0 
Diff(T,So) = {p} 

For a prime p dividing disc(-Bo) and a nonsingular T g with DifF(_Bo,T') — 

{p}, the arithmetic cycle class Z(T, v) is studied in [201 §6-2]. Comparing with 
Proposition 17.61 gives 

[/p(C;,A^o) + /p(C;-,A^o)] • logb) + E ^So(2™^(i)p) 

log(p). 



T6S(q) 
dot(T)=0 



degZ(r,v) + - E degQ(Z(i))-ordp(^ 



dct(T)5^0 dct(T)=0 
Diff(T,So) = {p} 



The above two formulas prove (|8.6p . and complete the proof of the theorem. □ 
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Corollary 8.3. Suppose that a Cz Of and v Cz F <S)q M are both totally positive. If 
either F{\/^a) is not biquadratic, or if 2 splits in F and aOp is relatively prime 
to the different of F/Q, then 

deg7Ho^("''") = c(a,w) 
where c{a, v) is the Fourier coefficient appearing in l{1.4^ . 
Proof By 12. Lemma 5.2.1] 

c(a,«)= J2 3eiz(T,v) 

TGS(a) 

and so the proof is immediate from Theorem 18.21 □ 
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